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Abstract
In this paper, we study the limit measures of the empirical measures of Lebesgue al-
most every point in the basin of a partially hyperbolic attractor. They are strongly related
to a notion named Gibbs u-state, which can be defined in a large class of diffeomor-
phisms with less regularity and which is the same as Pesin-Sinai’s notion for partially
hyperbolic attractors ofC1+α diffeomorphisms.
In particular, we prove that for partially hyperbolicC1+α diffeomorphisms with one-
dimensional center, and for Lebesgue almost every point: (1) the center Lyapunov expo-
nent is well defined, but (2) the sequence of empirical measures may not converge.
We also give some consequences on SRBmeasures and large deviations.
Mathematics Subject Classification (2010). 30C40, 37A35, 37D30, 60F10.
Keywords. Entropy along an unstable foliation, Gibbs u-state, empirical measure, SRB
measure, large deviations, partial hyperbolicity.
1 Introduction
Let f be a diffeomorphism of a closed manifold M . As a general goal of dynamical sys-
tems, we are interested in describing the asymptotic behavior of the orbits of f . In particu-
lar, it is expected (see [Ru3, T1, T2]) that, for most systems and Lebesgue almost every point
x ∈M , one gets convergence as n→+∞ of the sequence of empirical measures
mx,n :=
1
n
n−1∑
i=0
δ f i (x),
although there exist examples of systems where for Lebesgue a.e. x the limit does not ex-
ist (Bowen has built such example inside the wandering set of a surface diffeomorphism,
see [T1]; another example occurs inside the quadratic family on the interval, see [HK]). In a
second step, one may wonder if the set of limit measures (associated to points in a set with
full Lebesguemeasure) is finite – this is clearly not satisfied when f is the identitymap. This
leads to the problem of the existence of a physical measure, i.e. an f -invariant probability
measure µ such that the set {x ∈M : mx,n→µ} has positive Lebesguemeasure.
In 1970s, Y. Sinai, D. Ruelle and R. Bowen [S, Bo, Ru1] have shown that uniformly hyper-
bolicC 1+α diffeomorphismsmay be described by finitelymany physical measures satisfying
*S.C and J.Z were partially supported by the ERC project 692925 NUHGD. D.Y was partially supported by
NSFC 11671288, 11822109, 11790274.
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additional geometrical properties and called SRB measures, whereas these systems in gen-
eral also possess many invariant probabilitymeasures that are not observable. In this paper,
we discuss systems satisfying a weaker form of hyperbolicity, called partial hyperbolicity.
1.1 Empiricalmeasures of partially hyperbolic attractors with 1D-center
A diffeomorphism f isC 1+α, for α> 0, if it isC 1 and bothD f andD f −1 areα-Hölder. Let
Λ be an attracting compact set, i.e. it admits an open neighborhoodU such that f (U ) ⊂U
and Λ = ⋂n∈N f n(U ). Its attracting basin is the open set ⋃n∈Z f n(U ). The set Λ is partially
hyperbolic if there exists an invariant dominated splitting TΛM = E ss ⊕E c ⊕Euu of the tan-
gent space overΛ, such that Euu is uniformly expanded and E ss is uniformly contracted, see
Section 2.1. (One of the extremal bundles may be degenerate and the splitting is then de-
noted by E cs ⊕Euu or E ss ⊕E cu). When Λ is attracting, the bundle E cs extends uniquely as a
continuous invariant bundle over a neighborhood ofΛ.
Most of the works addressing existence of physical measures in the partially hyperbolic
setting assume that the bundle E cs (or E cu) satisfies some weak form of contraction (or ex-
pansion), see for instance [ABV, BV]. In this paper we first consider the case where the cen-
ter E c is one-dimensional and allow mixed behavior. We prove that Lebesgue almost every
point has a well defined center Lyapunov exponent. We recall that a f -invariant probability
measure µ is hyperbolic if for µ-almost every x ∈ M and any non-zero vector v ∈ TxM , the
quantity 1n log‖D f n(x).v‖ does not converge to 0 as n→∞.
Theorem A. Let f be a C 1+α diffeomorphism of a closed manifold and Λ be an attracting set
with a partially hyperbolic splitting TΛM = E ss ⊕E c ⊕Euu such that dim(E c) = 1. Then for
Lebesgue almost every point x in a neighborhoodU ofΛ the following limit exists:
λc (x) := lim
n→+∞
1
n
log‖D f n |Ecs(x)‖.
Moreover, if λc (x) 6= 0, then x is in the basin of a hyperbolic and ergodic physical measure.
When λc (x) = 0, the sequence of empirical measures of x may not converge, as the fol-
lowing example shows. Contrary to Bowen’s examplementioned above, the dynamics is non-
wandering.
Theorem B. There exists a transitive diffeomorphism f ∈ Diff∞(T3) with a partially hyper-
bolic splitting TT3 = E ss⊕E c⊕Euu , dim(E c)= 1, such that Lebesgue almost every point x ∈T3
has a dense orbit and its sequence of empirical measures 1n
∑n−1
i=0 δ f i (x) does not converge.
1.2 Gibbs u-states revisited
We are aimed at studying the properties of the limits µ of the empirical measures mx,n
(before discussing their uniqueness). For instance, when f is C 1+α for some α > 0 and pre-
serves a volume µ, Pesin [P] has shown that the entropy of µ is equal to the sum of its
positive Lyapunov exponents. This can be generalized as follows (see [CCE, CaYa] and the
appendix A):
2
Generalized Pesin’s inequality. For any C 1 diffeomorphism f , if Λ is an invariant compact
setwith a dominated splitting E⊕F , then for Lebesgue almost every point x satisfyingω(x)⊂Λ,
the entropy of any limit measure µ of the sequence 1n
∑n−1
i=0 δ f i (x) is bounded from below:
hµ( f )≥
∫
log |detD f |F |dµ. (1)
We stress that we only require f to beC 1 and themeasure µ is not known a priori.
Remark 1.1. Note that it has the following interesting consequence: for any f ∈Diff1(M) and
any fixed point p, if |det(D f (p)| > 1, then the Dirac measure δp is not physical.
When Λ is an attracting set with a partially hyperbolic splitting TΛM = E cs ⊕Euu , it con-
tains each strong unstable leaf F u(x) of its points and therefore is the support of a lamina-
tion denoted asFu . To any invariantmeasure µ supportedonΛ, an entropy hµ( f ,Fu) along
the strong unstable lamination Fu is associated (see Definition 2.11): in this setting this has
been introduced by Yang in [Y] and for C 2-diffeomorphisms it coincides with Ledrappier-
Young entropy [LeYo2] along the invariant bundle Euu . Our next result shows that it satisfies
an equality similar to Pesin’s formula.
TheoremC. For any C 1 diffeomorphism f , ifΛ is an attracting set with a partially hyperbolic
splitting E cs⊕Euu , then there exists a small neighborhoodU ofΛ such that for Lebesgue almost
every point x ∈U, any limit µ of the sequence { 1n
∑n−1
i=0 δ f i (x)} satisfies
hµ( f ,F
u)=
∫
log |det(D f |Euu )|dµ, (2)
whereFu is the strong unstable lamination onΛ tangent to Euu .
This immediately gives the following consequence.
Corollary 1.2. Let f be aC 1 diffeomorphismandΛ be an attracting set with a partially hyper-
bolic splitting E cs⊕Euu . Assume that there exists a uniquemeasure µ onΛ satisfying (2),then
µ is a physical measure; moreover its basin has full Lebesgue measure in the basin of Λ.
Remark 1.3. When there is more than one measure satisfying (2), there may not be any phys-
ical measure, as it is the case in Theorem B.
This motivates the following definition.
Definition 1.4. Let Fu be an unstable lamination of a C 1-diffeomorphism f . An invariant
probability µ supported on Fu is a Gibbs u-state if it satisfies (2).
When f is C 1+α, this property is known to be equivalent to the fact that the disintegra-
tions of µ along the unstable leaves are absolutely continuous with respect to the Lebesgue
measure along the leaves, which is the original definition of Gibbs u-state given by Pesin
and Sinai (see for instance [BDV, Chapter 11] and the Section 2.5). For C 1 diffeomorphisms
however, an invariant measure may satisfy (2) without having absolutely continuous disin-
tegrations, see [RY, CQ, BMOS]. For C 1 diffeomorphisms, the Gibbs u-states satisfy some
properties (well-known for smoother diffeomorphisms): the set of Gibbs u-states is convex,
compact for the weak-∗ topology and varies upper semi-continuously with respect to the
systems inC 1-topology, see Section 2.5.
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Under the C 1+α smoothness hypothesis, and also assuming that Λ =M , Theorem C fol-
lows from [BDV, Theorem 11.15] and Corollary 1.2 is [D, Corollary 2]. So our main improve-
ments is to provide a different proof with no distortion arguments which applies to the C 1-
case and to show how it extends to the basin of Λ (where the partially hyperbolic structure
does not exist in general). Proofs of generalized Pesin’s formula have been obtained in vari-
ous C 1 settings see [M, CQ, Q, CCE, CaYa] for instance; in our case we have to work with the
entropy along an unstable lamination.
If Λ is an invariant compact set admitting a partially hyperbolic splitting E cs ⊕Euu , one
says that a subset of TM is an unstable cone field C u if there exists a continuous extension
TUM = E ⊕F of E cs ⊕Euu over a neighborhoodU ofΛ, and a continousmap θ : U → (0,+∞)
such that for each x ∈U the set C u(x)=C u∩TxM coincides with the cone:
C
u(x) := {v = vE +vF ∈ Ex ⊕Fx : θ · ‖vF‖ ≥ ‖vE‖}.
This allows to state a more general version of Theorem C for (not necessarily attracting)
unstable laminations, which addresses the limit of empirical measures for Lebesgue almost
every point x in any disc tangent to an unstable cone fields (rather than almost every point
whose forward orbit stays in a neighborhood ofΛ), see Theorem C’ in Section 5. As a conse-
quence, we prove that the construction of Gibbs u-states forC 1+α-diffeomorphisms done by
Pesin and Sinai [PeSi] can be adapted toC 1-diffeomorphisms.
Corollary 1.5. Consider aC 1 diffeomorphism f , an attracting setΛwith apartially hyperbolic
splitting E cs ⊕Euu and an unstable cone field C u . Then there exists a neighborhood U of Λ
such that for any probability measure Leb∗D which is the normalized Lebesgue measure on a
disc D ⊂U tangent to C u , each limit measure µ of the sequence
1
n
n−1∑
i=0
f i∗ Leb
∗
D
satisfies the entropy formula (2).
Another important class of measures related to their observability are SRBmeasures.
Definition 1.6. An invariant probability µ of a C 1 diffeomorphism f is an SRBmeasure if
hµ( f )=
∫∑
λ+(z)dµ(z),
where
∑
λ+(z) is the sum of all the positive Lyapunov exponents of z (with multiplicities).
ForC 1+α diffeomorphisms, this is equivalent to require that the disintegrations ofµ along
its unstable manifolds are absolutely continuous (see [LeYo2, Br] but we will not use this
fact).
Corollary 1.7. Consider a C 1 diffeomorphism f and an attracting set Λ with a partially hy-
perbolic splitting TΛM = E ss⊕E c⊕Euu such that dim(E c)= 1. Then for Lebesgue almost every
point x in a neighborhood of Λ, the ω-limit of x supports an SRBmeasure.
This extends [CoYo] which proves (using random perturbations) that for C 2 diffeomor-
phisms, attracting sets that are partially hyperbolic with one-dimensional center support an
SRBmeasure.
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1.3 Large deviations
Our approach can also be used for bounding the large deviations for C 1-partially hyper-
bolic attracting sets with respect to continuous functions. (Theorem C can also be deduced
from that result by applying it to a countable and dense subset ofC 0(M ,R).)
TheoremD. Let f be a C 1-diffeomorphism and Λ be an attracting set with a partially hyper-
bolic splitting TΛM = E cs ⊕Euu . Then there exists a small neighborhoodU of Λ such that for
any continuous function ϕ :M→R and any ε> 0, there exist aε,bε > 0 such that
Leb
{
x ∈U : d
( 1
n
n−1∑
i=0
ϕ( f i (x)), I (ϕ)
)
≥ ε
}
< aε ·e−nbε for any n ∈N,
where I (ϕ) :=
{∫
ϕdµ : µ ∈Minv(Λ, f ) satisfies hµ( f ,Fu)=
∫
log |det(D f |Euu )|dµ
}
.
Some results on the existence of SRB measures and the large deviation property for sin-
gular hyperbolic attractors are obtained in Appendix B.
Organization of the paper
This paper proceeds as follows. In Section 2, we state the known results and notions
used in the paper. In Section 3, we build increasing measurable partitions subordinate to
the strong unstable foliations and finite partitions approaching themeasurable partition. In
Section 4, we state andprove an intermediate result to TheoremC. In Section 5, wefirstly give
the proof of a stronger version of TheoremC andwe use it to give the proofs of Corollaries 1.5
and 1.7. Then we prove our large deviations results. In Section 6, we conclude the proof of
(a stronger version of) Theorem A and we build the example (Theorem B). Appendix A is
devoted to extending the entropy inequality obtained in [CCE, Theorem 1] to a semi-local
setting, whereas Appendix B uses the results in Appendix A to prove the existence of phys-
ical measures for singular hyperbolic attractors of C 1+α-vector fields and a large deviations
result.
Acknowledgments. We would like to thank Christian Bonatti, Yongluo Cao, Dmitry Dolgo-
pyat, François Ledrappier, Davi Obata, Yi Shi and Yuntao Zang for useful comments and
discussions. In a conference in Shenzhen in 2018, Y. Hua and J. Yang kindly mentioned us
personally they are also working in a similar direction of a result in this paper. In particu-
lar [HYY, Theorems A and C] are similar to the Theorems A and C here.
2 Preliminary
In this section, we collect the basic notions, tools and known results used in this paper.
2.1 Partial hyperbolicity
Let f be a C 1-diffeomorphism of a closed manifold M . An invariant splitting TΛM =
E cs ⊕Euu of the tangent bundle over an invariant compact set Λ is partially hyperbolic, if
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there exists N ∈N such that
‖D f N |Ecs(x)‖ ·‖D f −N |Euu ( f N (x))‖ ≤
1
2
and ‖D f −N |Euu(x)‖ ≤
1
2
.
The bundle E cs then extends uniquely as a continuous invariant bundle on the set of points
whose forward orbit is included in a neighborhood ofΛ (as the limit of the backward iterates
of a center-stable cone field, see [CP, Chapter 2]), moreover, each point x ∈ Λ belongs to
an injectively immersed submanifold Fu(x) tangent to Euu(x), and called strong unstable
manifold. One sometimes also assumes a finer invariant decomposition of the center-stable
bundle E cs := E ss ⊕E c which satisfies:
‖D f N |E ss (x)‖ ·‖D f −N |Ec ( f N (x))‖ ≤
1
2
and ‖D f N |E ss (x)‖≤
1
2
.
A u-laminated set is a f -invariant compact set Λ endowed with a partially hyperbolic
splittingTM |Λ = E cs⊕Euu which satisfies the following property: the (strong) unstableman-
ifold Fu(x) at each point x ∈Λ tangent to Euu(x) is contained inΛ (this is the case if Λ is an
attracting set). The collection of unstable manifolds defines a lamination called unstable
lamination associated to the u-laminated set Λ; it is denoted by Fu . For each x ∈ Λ and
ρ > 0, we denote byFuρ (x) the ball in Fu(x) centered at x and of radius ρ.
Remark 2.1. If C u1 , C
u
2 are unstable cone fields on a neighborhood of Λ, the domination im-
plies that there exist a neighborhoodU ofΛ and N ≥ 1 such that for any x ∈U ∩ f −1(U )∩·· ·∩
f −N (U ), we have D f N (x)C u1 (x)⊂C u2 ( f N (x)).
2.2 Probabilitymeasures
Let X be a compact metric space. We recall that the space of probability Borel measures
supported on X is a compact metric space: consider a countable dense subset {ϕn}∞n=0 in
C 0(X ,R); then the distance between two probabilitymeasures µ,ν is given by
d(µ,ν) :=
∞∑
n=0
|∫ϕn dµ−∫ϕn dν|
2n ·supx∈X |ϕn(x)|
,
and this gives the weak∗-topology on the space of probability measures.
2.3 Pseudo-physical measures
Let f be a homeomorphism on a compact manifold M and Minv( f ) (or Minv(M , f )) be
the set of f -invariant probability measures. As before, given a point x ∈ M we denote by
M (x)⊂Minv( f ) the set of accumulation points of the measures 1n
∑n−1
i=0 δ f i (x) as n→+∞.
For any µ ∈Minv( f ), we define its basin to be
Basin(µ) := {x ∈M :M (x)= {µ}}.
The measure µ is said to be physical if Leb(Basin(µ))> 0.
We will use a more general notion, introduced in [CE, CCE]. The invariant measure µ is
pseudo-physical if for any η> 0, one has
Leb({x ∈M : d(M (x),µ)< η})> 0,
i.e. there exists a limit measure ν ∈M (x) which is η-close to µ.
A pseudo-physicalmeasure is not necessary a physical measure. In general, for a system,
physical measures might not exist, however there always exist pseudo-physical measures.
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Theorem 2.2 (Theorems 1.3 and 1.5 in [CE]). Let f ∈Homeo(M). The set of pseudo-physical
measures is non-empty and compact. Moreover, for Lebesgue a.e. x ∈M, the set M (x) is con-
tained in the set of pseudo-physical measures.
LetD be an embedded compactC 1-disc inM . Thenµ is called apseudo-physicalmeasure
relative to D, if for any η> 0, one has
LebD({x ∈D : d(M (x),µ)< η})> 0.
Theorem 2.2 is generalized as follows:
Theorem 2.3. Let f ∈ Homeo(M) and D be an embedded compact C 1-disc. Then the set of
pseudo-physical measures relative to D is a compact non-empty set. Moreover, for Lebesgue
a.e. x ∈D, the setM (x) is contained in the set of pseudo-physical measures relative to D.
Proof. By definition, µ is not pseudo-physical if and only if there exists ηµ > 0 such that
LebD({x ∈D : d(M (x),µ)< ηµ})= 0.
Then any measure ν such that d(ν,µ)< ηµ/2 is not pseudo-physical either (take ην = ηµ/2).
This proves the compactness.
We now denote byPD the set of pseudo-physical measures relative toD and consider its
complementP cD in Minv( f ). Then P
c
D =∪∞n=1An , where An := {µ : d(µ,PD)≥ 1n }. We define
Wn := {x ∈D :M (x)∩ An 6= ;}.
Since each measure in An is not pseudo-physical relative to D and An is compact, there
exist µ1, · · · ,µl together with l positive numbers η1, · · · ,ηl such that
• An ⊂
⋃l
i=1Bηi (µi );
• LebD({x ∈D : d(M (x),µi )< ηi })= 0 for each i .
This implies that LebD(Wn)= 0 for each n and then M (x)⊂PD for Lebesgue a.e. x ∈D.
Remark 2.4. This statement can be localized: if X ⊂D is ameasurable subset that has positive
measure for LebD , then µ is called a pseudo-physical measure relative to X , if for any η> 0,
LebD
({
x ∈ X : d(M (x),µ)< η})> 0.
The proof of Theorem 2.3 also shows that for Lebesgue a.e. x ∈ X , the setM (x) is contained in
the set of pseudo-physical measures relative to X .
2.4 Entropy for a general measurable partition
In this part, we recall the notions of a measurable partition, entropy of a measurable
partition, and their properties from [Ro, §1−§5 and §9].
If α is a partition of X , we denoteα(x) the element of αwhich contains x ∈ X . We denote
α≺β ifβ(x)⊂α(x) for each x ∈ X . And if (αi )i∈I is a family of partitions,we denote by∨i∈Iαi
the partition it generates, i.e. the partition α whose elements α(x) coincides with ∩iαi (x).
When X is a metric space, the diameter of α is Diam(α)= supx∈X Diam(α(x)).
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Let α be a partition of a Borel space (X ,B). It is a measurable partition, if there exists a
sequence of finite measurable partitionsα1 ≺α2 ≺ ·· · ≺αn ≺ ·· · such that α=
∨
i∈N αi .
Let (X ,B,µ) be a Lebesgue space and α be a measurable partition. We denote by Bα
the σ-algebra of the Lebesgue space X /α. Then for µ-a.e. x ∈ X , there exists a probability
measure µαx supported on α(x) such that for anymeasurable set A of X :
• the map x 7→µαx (A) isBα-measurable;
• µ(A)=∫µαx (A)dµ(x).
The probabilitymeasures µαx are called conditional measures of µwith respect to α.
Let A1,A2, · · · , be all the elements ofαwith positiveµ-measure. The entropyHµ(α) of the
measurable partitionα is defined by
Hµ(α)=
{ −∑∞i=1µ(Ai ) · logµ(Ai ) if µ(∪∞i=1Ai )= 1
∞ otherwise.
Let us consider another measurable partition β. Then α induces a partition α|B of each
element B ∈ β. If µβx denotes the conditional measures with respect to β, then the mean
conditional entropy of αwith respect to β is defined as
Hµ(α|β)=
∫
H
µ
β
x
(α|β(x))dµ(x).
For measurable partitions, one has the following result:
Lemma 2.5 (5.9 in [Ro]). For any three measurable partitions α,β,γ, we have
Hµ(α∨β|γ)=Hµ(α|γ)+Hµ(β|α∨γ).
Lemma 2.6 (5.7 and 5.11 in [Ro]). Let α1 ≺ α2 ≺ ·· · ≺ αn ≺ ·· · be an increasing sequence of
measurable partitions and β be another measurable partition, then
1. Hµ(αn|β)րHµ
(∨∞
i=1αi |β
)
;
2. if Hµ(β|α1)<∞, then Hµ(β|αn)ցHµ
(
β|∨∞i=1αi ).
Let f be a homeomorphism of a compact metric space X preserving a probability mea-
sure µ. Then f is an automorphism of the Lebesgue space (X ,B,µ), where B denotes its
Borel σ-algebra. One defines the entropy hµ( f ,α) with respect to a measurable partitionα:
hµ( f ,α) :=Hµ
(
∞∨
i=0
f i (α)
∣∣ ∞∨
i=1
f i (α)
)
=Hµ
(
α
∣∣ ∞∨
i=1
f i (α)
)
.
A standard argument based on Lemma 2.5 (see for instance [Ro, §7.3].) gives the following:
Lemma 2.7. If α is a measurable partition such that Hµ(α| f (α))<∞, then
hµ( f ,α)= inf
1
m
Hµ
(
m∨
j=1
f − j (α)
∣∣α)= liminf
m→∞
1
m
Hµ
(
m∨
j=1
f − j (α)
∣∣α) .
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One can now define the metric entropy (see [Ro, 9.1]):
hµ( f ) = sup{hµ( f ,α) :α is a finite measurable partition of X }
= sup{hµ( f ,α) :α is a measurable partition of X }.
The following property is obtained by applying inductively Lemma 2.5.
Corollary 2.8. For any probability measure ν, any sequence of finite measurable partitions
{αi }i∈N and any integers 0≤ ℓ<m < n,
Hν
(n−1∨
i=0
f −i (αi )
) = Hν( ℓ∨
i=0
f −i (αi )
)
+
[ n−ℓm ]−1∑
k=0
H f ℓ+km∗ ν
( m∨
i=1
f −i (αi+ℓ+km )|
km+ℓ∨
i=0
f km+ℓ−i (αi )
)
+Hν
( n−1∨
i=ℓ+[ n−ℓm ]m+1
f −i (αi )|
ℓ+[ n−ℓm ]m∨
i=0
f −i (αi )
)
.
2.5 Entropy along an unstable lamination
In this paper, we focus on the entropy of an invariant measure along an unstable lami-
nation as introduced in [VY] and [Y]. Throughout this section, f is aC 1-diffeomorphism of a
compact manifoldM and Λ is a u-laminated set. As before the associated unstable lamina-
tion is denoted byFu . We consider a probability measure µ supported onΛ.
A partitionα ofM is µ-subordinate to the unstable lamination Fu of Λ, if for µ-a.e. x,
• α(x) is contained in the strong unstable leaf Fu(x) of the point x, and
• α(x) contains an open neighborhood of x in Fu(x).
A partitionα is increasing if f (α(x))⊃α( f (x)) for all x ∈M .
The existence of an increasingmeasurable partition µ-subordinate to the unstable lami-
nation is guaranteed by [LS, Proposition 3.1] and [Y, Lemma 3.2]:
Lemma 2.9. For any µ ∈Minv(Λ, f ) there exists an increasing measurable partition which is
µ-subordinate to the unstable lamination Fu .
The following result is an adapted version of Lemma 3.1.2 in [LeYo1].
Lemma 2.10. For any µ ∈ Minv(Λ, f ) and any two increasing measurable partitions α1,α2
that are µ-subordinate to the unstable lamination Fu , one has hµ( f ,α1)= hµ( f ,α2).
One can thus define the entropy along the unstable lamination as follows.
Definition 2.11. The entropy of µ along the unstable laminationFu is
hµ( f ,F
u)= hµ( f ,α),
where α is any increasingmeasurable partition µ-subordinate to Fu .
Remark 2.12. 1. By definition hµ( f ,Fu)≤ hµ( f ).
2. By [HHW, Proposition 2.14], µ 7→hµ( f ,Fu) is affine from Minv(Λ, f ) to [0,∞).
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3. The notion of entropy along an unstable lamination is literally different from the one
defined in [LeYo2, Section 7.2]. It has been proved that these two notions are the same
in the C 1+α-partially hyperbolic setting, α > 1. See [VY, Proposition 2.4] for a precise
statement.
The entropy along an unstable lamination satisfies an inequality generalizing Ruelle’s
one [Ru2].
Theorem2.13 (TheoremA in [WWZ]). Let f be aC 1 diffeomorphism andΛ be a u-laminated
set. Then for any invariant measure µ ∈Minv(Λ, f ), one has
hµ( f ,F
u)≤
∫
log |det(D f |Euu )|dµ.
The entropy along an unstable lamination varies upper semi-continuously. This result is
due to [Y] (see also [HHW, Proposition 2.15].)
Theorem 2.14. Let f ∈ Diff1(M) be a partially hyperbolic diffeomorphism and {µn} be a se-
quence of f -invariant measures. Assume that µn converges to µ in weak∗-topology, then
limsup
n→∞
hµn ( f ,F
u)≤ hµ( f ,Fu).
One gets the following consequence from the previous results.
Corollary 2.15. Let f be a C 1 diffeomorphism andΛ be a u-laminated set. Then the set
Mu :=
{
µ ∈Minv(Λ, f ) : hµ( f ,Fu)=
∫
log |det(D f |Euu )|dµ
}
(3)
is convex and compact. A measure belongs to Mu iff each of its ergodic component does.
In the case f is a C 1+α-diffeomorphism, α > 0, Pesin and Sinai [PeSi] have introduced a
class of invariant measures supported on unstable laminations (which they called Gibbs u-
states): these are measures whose disintegrations along the unstable plaques of a laminated
box of the unstable lamination Fu are absolutely continuous with respect to the Lebesgue
measure along the plaques, see also [BDV, Chapter 11]. The set Mu is included in this class
of measures:
Theorem 2.16 (Theorem 3.4 in [L]). Let f be a C 1+α diffeomorphism, α > 0. Then for any
measure µ ∈Mu, the disintegrations along the unstable leaves are absolutely continuous with
respect to the Lebesgue measure.
Remark 2.17. The converse property also holds for any C 1-diffeomorphism (but we will not
use that property). This is a consequence of our Theorem C’ below. For that reason we prefer
to define the Gibbs u-states as the measures in the class Mu , which is also adapted to C 1-
diffeomorphisms.
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2.6 Unstable density basis
The notion of Lebesgue density points does not behaves well under iterations. Pugh
and Shub [PuSh2] have introduced a notion of unstable density point inside the leaves of
a globally partially hyperbolic diffeomorphism, and from then have defined Julienne den-
sity points inside the manifold. We here extend unstable density points inside an attracting
neighborhood of a partially hyperbolic attracting set.
Throughout this section, Λ is an invariant set endowed with a partially hyperbolic split-
ting TΛM = E cs ⊕Euu for aC 1+α diffeomorphism f of a compact manifoldM , α> 0 and C u
is an unstable cone field on a neighborhoodU ofΛ.
A u-disc D ⊂ U is an embedded C 1-disc of dimension dim(Euu) that is tangent to an
unstable cone field C u . For δ > 0 we denote by BD(z,δ) the closed δ-ball centered at z for
the metric induced on D.
We now fix δ> 0 arbitrarily and for any z ∈D ∩⋂n≥0 f −n(U ) and n ∈Nwe define
BD,n(z) := f −n(B f n(D)( f n(z),δ)).
Theorem2.18. LetΛ be an invariant set endowedwith a partially hyperbolic splitting TΛM =
E cs⊕Euu for a C 1+α diffeomorphism f , α> 0. LetC u be an unstable cone field on a neighbor-
hoodU and D be a C 1+α u-disc in the basin of Λ.
The collection {BD,n(z)}n∈N,z∈D is a density basis of the u-disc D: if A ⊂D ∩
⋂
n≥0 f −n(U ) is
a measurable set with positive Lebesguemeasure, then for Lebesgue almost every z ∈ A,
lim
n→∞
LebD(A∩BD,n(z))
LebD(BD,n(z))
= 1.
Such a point z is called an unstable density point of A inD.
The proof follows [PuSh2, Theorem 3.1]. For completeness, we present it here.
Proof. Since Euu is uniformly expanded, there exist N ≥ 1 and τ> 1 such that ‖D f N (v)‖ ≥ τ
for any unit vector v ∈C u at a point x ∈U ∩·· ·∩ f −N (U ).
Lemma 2.19. 1. LebD(BD,n(z)) tends to zero as n→∞.
2. For anym ∈N, there exists a constant K > 1 such that LebD(BD,n(z))≤K LebD(BD,n+m (z)).
3. There exists ℓ ∈N such that BuD,n+ℓ(z1)∩BuD,n+ℓ(z2) 6= ;⇒BuD,n+ℓ(z1)⊂BuD,n(z2).
Proof. The first and the third items follow from the expansion along Euu . The second uses a
distortion argument: for any 0≤ k ≤ n and any two points x, y ∈ B f n(D)( f n(z),δ), the tangent
spaces at f −k(x), f −k (y) to T f −k (B f n(D)( f n(z),δ)) get exponentially close as k gets larger.
Since f isC 1+α, the determinants |detD f |B f n (D)( f n(z),δ)| at f −k (x) and f −k(y) is exponentially
close in k, which concludes.
Let A ⊂ D ∩⋂n≥0 f −n(U ) be a measurable subset with positive Lebesgue measure in D.
For any ρ ∈ (0,1), we denote
Aρ =
{
z ∈ A : liminf
n→∞
LebD(A∩BD,n(z))
LebD(BD,n(z))
< ρ
}
.
One only needs to show that Aρ has zero Lebesgue measure.
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For ε > 0, we take an open neighborhoodU of Aρ such that LebD(U ) < (1+ε)LebD(Aρ)
and we consider a covering of Aρ given by
V =
{
BD,n(z)⊂U : z ∈ Aρ and
LebD(A∩BD,n(z))
LebD(BD,n(z))
< ρ
}
.
We then build inductively a sequence {Vi } of pairwise disjoint sets in V as follows. Let us
assume that the V j for j < i have been chosen. Since they are closed sets, and the diameter
of the BD,n(z) tend to zero, for any point z ∈ Aρ \∪ j<iV j there is an integer n(z)= ni (z) such
that BD,n(z)(z) ∈ V is disjoint from the V j and we may choose the smallest integer n(z) with
this property. We choose zi ∈ Aρ\∪ j<iV j whichminimizesn(zi ) andwe takeVi =BD,n(zi )(zi ).
Claim. The set A˜ρ := Aρ \∪i∈NVi has zero Lebesgue measure in D.
Proof. For any integer i and z ∈ A˜ρ , we consider the integer ni (z) introduced during the
construction of Vi . The set BD,ni (z)(z) does not belong to {Vi }.
Note that by definition there existsVk =BD,nk (zk )(zk) with k > i such that
Vk ∩BD,ni (z)(z) 6= ; and nk(zk)≤ ni (z).
By the third item in Lemma 2.19,
BD,ni (z)(z)⊂BD,nk (zk )−ℓ(zk).
For any k > ℓ, let us denote V˜k =BD,nk (zk )−ℓ(zk). We have proved that for any integer i ,
A˜ρ ⊂
∞⋃
k=i
V˜k .
By the second item of Lemma 2.19, there exists a constant K > 1 such that
LebD(V˜k)<K LebD(Vk).
Since the Vk are pairwise disjoint,
∑
k∈NLebD(Vk) converges. For each i , one has
LebD(A˜ρ)≤
∞∑
k=i
LebD(V˜k)≤K ·
∞∑
k=i
LebD(Vk ),
which implies that A˜ρ has zero Lebesguemeasure.
By the Claim above, one has the estimate
LebD(Aρ) =
∑
i∈N
LebD(Vi ∩ Aρ)≤
∑
i∈N
LebD(Vi ∩ A)
≤ ρ ·
∑
i∈N
LebD(Vi )≤ ρ ·LebD(U )
≤ ρ · (1+ε)LebD(Aρ).
By the arbitrariness of ε and the fact that ρ < 1, one has LebD(Aρ)= 0.
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3 Measurablepartitions associated toanunstable lamination
The aim of this section is to construct finite partitions which allow to approximate the
entropy along an unstable lamination. One can find such constructions in [HHW, Y] for
global partially hyperbolic diffeomorphisms: [Y, Section 4] provide finite partitions which
satisfy the first two items in the theorembelow; in [HHW, Propositions 2.12 and 2.13] [HHW]
the entropy along an unstable lamination is approached by the entropy of finite partitions
that are conditioned by measurable partitions. One of the novelty of the next theorem is the
third item, which will crucial in Section 4.
Theorem 3.1. Let f be a C 1-diffeomorphism of a compact manifold, Λ be a u-laminated
set with an unstable cone field C u on a neighborhood U. There is r0 > 0 with the following
properties. For any µ ∈Minv(Λ, f ) and any ε,ρ > 0, there exist η0 > 0, an integer m0, and two
finite measurable partitions α≺β of M such that
• Diam(β)≤Diam(α)≤ ρ;
• any (not necessarily invariant) probability measure ν such that d(ν,µ)< η0 satisfies∣∣∣ 1
m0
Hν
(
m0∨
i=1
f −i (α)
∣∣β)−hµ( f ,Fu)∣∣∣< ε;
• for any δ> 0, there exist an open set V and an integer N ≥ 1 such that
– µ(V )> 1−δ;
– for any x ∈V and any disc D tangent to D f N (C u)with x ∈D andDiam(D)< r0,
α(x)∩D =β(x)∩D.
The proof of Theorem 3.1 occupies the next three sections.
3.1 Measurable partitions µ-subordinate to an unstable lamination
In the following, we will construct a measurable partition µ-subordinate to the strong
unstable lamination. A similar construction is done in [Y] in the case of global partially hy-
perbolic diffeomorphisms.
Transverse sections. The unstable cone field C u is defined on a small neighborhoodU of
Λ. The compactness ofΛ and the transversality between E cs ,Euu give:
Lemma 3.2. There exist ρ0 > 0 and a family of compact discs (Σx )x∈Λ inU satisfying:
• the disc Σx has dimension dim(E cs), is centered at x, and has radius larger than ρ0;
• Σx is transverse to C u ;
• for any x, y ∈Λwith d(x, y)< ρ0, Fu2ρ0(y) intersects Σx at a unique point, in the interior
of Σx ; in particular the set∪y∈ΣxFu2ρ0(y) contains an open ρ0-neighborhood of x inΛ.
The set Λ is covered by balls B1, · · · ,Bk of radius ρ0 centered at points x1, · · · ,xk ∈Λ. Set
Σi =Σxi for simplicity.
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The choice of r0. We denote by r0 the Lebesgue number of the covering {B1, · · · ,Bk }.
A finite partitionA . Let λ= supx∈Λ ‖D f −1|Euu (x)‖ < 1. We apply the following lemma.
Lemma 3.3 (Lemma 3.1.2 in [Y] and Proposition 3.2 in [LS]). For any 0 < λ < 1 and ρ > 0,
there is a finite measurable partition A of M such that
Diam(A )< ρ and
∑
i∈N
µ(Bλi (∂A ))<+∞,
where Bλi (∂A ) denotes the λ
i -neighborhood of the boundary ∂A of the partition A .
For any ρ > 0, one gets a finite measurable partitionA of the manifoldM such that
• Diam(A )<min{ρ,r0/3,1};
•
∑
i∈Nµ(Bλi (∂A ))<+∞; in particular, µ(∂A )= 0.
Then A induces a finite partition A˜ of Λ. By construction, there exists an indexing map
I : A˜ 7→ {1, · · · ,k} such that the 2r0/3-neighborhoodof each element A ∈ A˜ inΛ is contained
in the ball BI (A). From now on, the indexingmap I is fixed.
The partition A u. Each point x ∈ Λ belongs to the set BI (A(x)) and there exists a unique
point y ∈ ΣI (A(x)) such that x ∈Fu2ρ0(y); we set A
u(x) = A(x)∩Fu2ρ0 (y). This defines a mea-
surable partitionA u onΛ.
We note that the assumption of Lemma 2.7 is satisfied.
Lemma 3.4. Hµ(A u| f (A u))<∞.
Proof. By definition, one has that Hµ(A u| f (A u))=
∫
Hµ f (A u )(x)(A
u | f (A u)(x))dµ(x). By def-
inition, A u and A˜ induce on each element f (A u)(x) ∈ f (A u) the same partition, which
is a finite partition. Hence, one has that Hµ f (Au )(x)(A
u| f (A u)(x)) ≤ log#A˜ which implies
Hµ(A u | f (A u))≤ log#A˜ .
We obtain a partition µ-subordinate to the unstable lamination.
Lemma 3.5.
∨∞
j=0 f
j (A u) is an increasing partition µ-subordinate to the lamination Fu .
Proof. Firstly, notice that the measurable partition
∨∞
j=0 f
j (A u) is an increasing partition.
For µ a.e. x ∈Λ, one claims that there exists an integer n(x) ∈N such that
∞∨
j=0
f j (A u)(x)=
n(x)∨
j=0
f j (A u)(x).
Since µ is an invariant measure supported onΛ, one has
∞∑
j=0
µ( f j (Bλ j (∂(A ))))=
∞∑
j=0
µ(Bλ j (∂(A )))<∞.
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Hence, for µ-a.e. x, there is n(x) such that f − j (x) ∉Bλ j (∂(A )) for any j ≥ n(x). Let us assume
that there existsm ≥ n(x) such that
m+1∨
j=0
f j (A u)(x)(
m∨
j=0
f j (A u)(x).
Since Diam(A ) < 1, the diameter of ∨mj=0 f j (A u)(x) is smaller than λ−m , which implies
f −m−1(x) ∈ Bλm+1(∂A ), a contradiction. The claim follows.
By the fact thatµ(∂(A ))= 0, forµ-a.e. x, the elementA u(x) contains an open setFur (x)(x)
for some r (x)> 0. Therefore, ∨n(x)j=0 f j (A u)(x) contains a neighborhood of x in Fu(x).
In particular, Lemmas 2.7, 3.4 and 3.5, together with Definition 2.11 give:
Corollary 3.6. hµ( f ,Fu)= inf 1mHµ(
∨m
j=1 f
− j (A u)|A u)= liminf
m→∞
1
mHµ(
∨m
j=1 f
− j (A u)|A u).
One important property of the measurable partition
∨l
i=0 f
−i
A
u is the following:
Lemma 3.7. For µ-a.e. x ∈M and any integer m ∈N,
m∨
j=0
f − j (A u)(x)=
m∨
j=0
f − j (A )(x)∩A u(x).
Proof. SinceA ≺A u , one gets the inclusion∨mi=0 f −i (A u)(x)⊂∨mi=0 f −i (A )(x)∩A u(x). One
proves the other side by induction. The casem = 0, is obvious.
Let us assume that
∨m
i=0 f
−i (A )(x)∩A u(x) ⊂ ∨mi=0 f −i (A u)(x). Consider any point y
in
∨m+1
i=0 f
−i (A )(x)∩A u(x). The induction assumption implies f l (y) ∈ A u( f l (x)) for all
l ∈ {0, · · · ,m}; one thus has f m+1(y) ∈ f (A u( f m(x)))∩A ( f m+1(x)). By the definition of A u ,
the point f m+1(y) belongs to f (Fu2ρ0(z))∩A ( f
m+1(x)) for some point z ∈Λ. Sinceρ0 is small,
there exists ζ ∈ ΣI (A( f m+1(x))) such that f (Fu2ρ0(z)∩A ( f
m+1(x)) = Fu2ρ0(ζ))∩A ( f
m+1(x)).
Hence f m+1(y) ∈A u( f m+1(x)).
3.2 Finite partitions approachingA u
We continue with the constructions of the previous subsection.
Proposition 3.8. There exist finite measurable partitions (A ul )l∈N of M such that
• µ(∂A ul )= 0 for any l ∈N;
• for µa.e.x ∈M, A ul+1(x)⊂A ul (x)⊂A (x) and A u(x)=
⋂
l∈NA ul (x).
• for any l ∈N and any δ> 0, there exist an open set V and an integer N such that
– µ(V )> 1−δ;
– for any x ∈V and any disc D tangent to D f N (C u)with x ∈D andDiam(D)≤ r0,
D ∩A ul (x)=D ∩A (x).
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Proof. Let {Bi }i∈{1,··· ,k} be the open cover ofΛ given in the previous section andΣi be the asso-
ciated transverse discs. For eachΣi , the collection of local unstablemanifolds{F
u
2ρ0
(y)}y∈Σi∩Λ
defines a measurable partition of ∪y∈Σi∩ΛFu2ρ0(y), and we denote by µi the projection on Σi
of the measure µ restricted to ∪y∈Σi∩ΛFu2ρ0(y).
For each Σi , there is a sequence of finite partitionsCi ,1 ≺Ci ,2 ≺ ·· · ≺Ci ,l ≺ ·· · such that
• Diam(Ci ,l )
l→∞−→ 0
• µi (∂Ci ,l )= 0, where ∂Ci ,l denotes the boundary of partitionCi ,l in Σi .
Then we denote by Σ˜i the set (Λ∩Σi ) \∪l∂Ci ,l .
Let us fix any l and anyC ∈Ci ,l . For any x ∈ Σ˜i ∩C , since x is an interior point ofC , there
exists rx,l > 0 such that distance between Fu2ρ0(x) and any other local leaf F
u
2ρ0
(y) with y ∈
(Σ˜i∩Λ)\C is larger than 3rx,l . Wedefine the set C˜ which is the union of the rx,l -neighborhood
of the local leaf Fu2ρ0(x) over x ∈ Σ˜i ∩C .
By construction, C˜∩Σi is an open set inC , and has fullµi -measure inC ; in particular the
boundary of C˜ ∩Σi in Σi has µi -measure zero. Moreover by the choice of the numbers rx,l ,
the C˜ ’s for differentC ∈Ci ,l are pairwise disjoint. The partitionP i ,l for Bi given by{
C˜
}
C∈Ci ,l
⋃{
Bi \
⋃
C∈Ci ,l
C˜
}
,
is a finite measurable partition whose boundary in Σi has µi measure zero. One may also
require the condition rx,l+1 < rx,l for each x ∈ Σ˜i and each l : this gives P i ,l+1 ≺P i ,l modulo
a set with zero µmeasure. Since Diam(Ci ,l )
l→∞−→ 0, one has ∩lP i ,l (x)=Fu2ρ0(x) for x ∈ Σ˜i .
For each A ∈A with I (A)= i , the finite partitionP i ,l induces a finite measurable parti-
tion for A, and this defines finite partitions A ul . The fact that ∩lP i ,l (x) =Fu2ρ0 (x) for x ∈ Σ˜i
implies that A ul satisfies the second item.
Recall that for each A ∈ A with I (A) = i , one has B2r0/3(A) ⊂ Bi . For each x ∈ A, the
boundary of the set A ul (x) is contained in ∂A and ∂P i ,l (x). The fact that B2r0/3(A) ⊂ Bi and
µ is supported onΛ implies that up to modulo a set of zero µmeasure, one has
∂(A ul (x))= ∂A∪ {y ∈ Bi ,Fu2ρ0(y)∩ Σ˜i =;}.
Since µ(∂(A))= 0 and Σ˜i has full µi measure, one has µ(∂(A ul (x)))= 0.
It remains to prove the last item. We fix an integer l ∈N and δ> 0.
Claim. For each A ∈A with µ(A)> 0, there is an open subset VA of A and NA ≥ 1 such that
• µ(VA)> (1−δ) ·µ(A),
• for any x ∈V and any disc D tangent to D f NA (C u)with x ∈D andDiam(D)≤ r0,
D ∩A ul (x)=D ∩ A.
Proof of Claim. Let A ∈A with µ(A) > 0 and let i =I (A). Since µ(∂A) = 0, there is an open
set A′ ⊂ A such that µ(A′)=µ(A).
For each C ∈Ci ,l with C˜ ∩ A 6= ;, the open set C˜ intersectsC into an open subset C ′ of C
whose boundary has zero µi -measure; then for δ> 0, there exist rδ > 0 and a compact subset
C ′′ ofC ′ such that
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• for any x ∈C ′′∩ Σ˜i , the 2rδ-neighborhood of Fu2ρ0(x) is included in C˜ ;
• µi (C ′′)>µi (C ′)−δ · µ(A)#Ci ,l .
Now, we define Cˆ as the union of the rδ-neighborhood of F
u
2ρ0
(x) over x ∈C ′′∩ Σ˜i . By defi-
nition, the closure of Cˆ is included in C˜ . Let VA be the union of Cˆ ∩ A′ over all C ∈ Ci ,l with
C˜ ∩ A 6= ;. By the fact that B2r0/3(A)⊂Bi , one gets µ(VA)> (1−δ) ·µ(A).
Any disc of radius less or equal to r0, that is C 1-close to a leaf Fu2ρ0(x) for x ∈ C
′′∩ Σ˜i
and having a point in Bi , is contained in Ĉ . By compactness of C ′′, one deduces that if one
chooses an integerNC ≥ 1 large enough and rδ > 0 small enough, then the following property
holds: for any n ≥NC , any discD intersectingVA = Cˆ ∩ A′ with diameter≤ r0 and tangent to
D f n(C u) is contained in C˜ . By definition of A ul , for x ∈D one getsD ∩A ul (x)=D ∩ A.
SinceCi ,l is finite, one concludes by takingNA =maxNC overC ∈Ci ,l with C˜∩A 6= ;.
For each A ∈A with µ(A)= 0, we define VA =;. We take V =∪A∈AVA and N ≫maxNA .
By the Claim above, the open set V satisfies the required properties.
3.3 Proof of Theorem 3.1
From Corollary 3.6, the measurable partitionA u satisfies
hµ( f ,F
u)= liminf
m→∞
1
m
Hµ
( m∨
j=1
f − j (A u)|A u).
Thus, for any ε> 0, there exists an integerm0 > 0 such that∣∣ 1
m0
Hµ
( m0∨
i=1
f −i (A u)|A u)−hµ( f ,Fu)∣∣≤ ε
3
.
By Lemma 3.7, we have
∨m0
j=0 f
− j (A u) = ∨m0j=0 f − j (A )∨A u (modulo a set with µ-measure
zero). Hence
Hµ
( m0∨
i=1
f −i (A u)|A u
)
=Hµ
( m0∨
i=1
f −i (A )|A u
)
.
From Proposition 3.8, the sequence of finite measurable partitions (A ul )l∈N satisfies A
u
l ≺
A
u
l+1 ≺A u and A u =
∨
A
u
l (modulo a set with µ-measure zero). From the second item of
Lemma 2.6, there exists an integer l0 such that∣∣ 1
m0
Hµ
( m0∨
i=1
f −i (A )|A u
)
− 1
m0
Hµ
( m0∨
i=1
f −i (A )|A ul0
)∣∣< ε
3
.
As a consequence, one has
∣∣ 1
m0
Hµ
( m0∨
i=1
f −i (A )|A ul0
)−hµ( f ,Fu)∣∣< 2ε
3
.
By construction, one has µ(∂(A ul0
)) = µ(∂(A )) = 0. Thus there exists η0 > 0 such that for any
probability measure νwith d(µ,ν)< η0, one has∣∣ 1
m0
Hν
( m0∨
i=1
f −i (A )|A ul0
)− 1
m0
Hµ
( m0∨
i=1
f −i (A )|A ul0
)∣∣< ε
3
.
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To summarize, for any probability measure ν ∈ Bη0(µ), one has
∣∣ 1
m0
Hν
( m0∨
i=1
f −i (A )|A ul0
)−hµ( f ,Fu)∣∣< ε.
Now, one only needs to take α =A and β =A ul0 . By the choice of A in Section 3.1 we have
Diam(α)< ρ and by constructionα≺β.
For any δ, the existence ofV andN as in the last property of Theorem3.1 is guaranteedby
the third itemof Proposition 3.8 for the partitionA ul0
. This ends the proof of Theorem3.1.
4 Volume estimate for convergent sets of invariantmeasures
Given an invariantmeasure µ of f ∈Diff1(M), we define for any n ≥ 1 and η> 0 the (n,η)-
convergent set:
Cn(µ,η) :=
{
x ∈M : d
( 1
n
n−1∑
i=0
δ f i (x),µ
)
< η
}
.
The aim of this section is to prove:
Theorem E. Let f be a C 1-diffeomorphism of a compact manifold and Λ be a u-laminated
set. Then, there exist an unstable cone field C u on a neighborhood U of Λ and r0 > 0 with
the following property: for any µ ∈Minv(Λ, f ) and ε> 0, there exist η,c > 0 such that for each
compact disc D ⊂U tangent to C u withDiam(D)< r0 and each n ∈N, one has
LebD
(
Cn(µ,η)∩D ∩
n−1⋂
i=0
f −i (U )
)< c ·exp(n(hµ( f ,Fu)−∫ log |det(D f |Euu )|dµ+ε)).
4.1 Preliminary choices
Choice of C u ,U ,r0. From the partially hyperbolicity of Λ, there exist a neighborhoodU of
Λ, an unstable cone field C u defined onU , λ ∈ (0,1) and N ≥ 1 such that
• D f N (C u(x))⊂C u( f N (x)), for any x ∈U ∩ f −1(U )∩·· ·∩ f −N (U );
• ‖D f −N (v)‖≤λ for any x ∈U and any unit vector v ∈C u(x);
• the partially hyperbolic splitting E cs ⊕Euu extends to the maximal invariant set inU .
We choose a continuous extensionψ : M → R of the map x 7→ − log |det(D f |Euu )(x)| defined
on themaximal invariant set inU . We also fix a number r0 > 0 which satisfies Theorem 3.1.
Cone fieldC uε . Let us fix ε> 0. There exist Nε,Lε ≥ 1 and ρ > 0 such that
• for any x, y ∈M with d(x, y)< ρ, one has |ψ(x)−ψ(y)| < ε
8
;
• the cone field C uε :=D f NεC u defined onUε :=∩Nε−1i=0 f k(U ) satisfies:
– for any discD ⊂Uε tangent to C uε and any x ∈D,
∣∣ log |det(D f |TxDx )|+ψ(x)∣∣< ε8 ;
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– for any compact disc D ⊂U with diameter smaller than r0 and tangent to C u ,
the set f Nε(D)∩⋂Nε−1i=0 f i (U ) is contained in at most Lε discs tangent to C uε of
diameter r0.
We fix an invariant measure µ on Λ. From the previous properties, one only needs to
prove the Theorem E for discs contained inUε, tangent to C uε and with diameter bounded
by r0.
4.2 Volume estimate through pressure
Let us fix a discD tangent toC uε with diameter smaller than r0 and some integer n ≥ 0. A
set X is (n,ρ)-separated if any x, y ∈ X satisfy d( f k(x), f k(y))> ρ for some 0≤ k < n. For each
x ∈D, we denote by Bn(x,ρ) the (n,ρ)-Bowen ball inD and centered at x, that is,
Bn(x,ρ)=
n−1⋂
i=0
f −i (B( f i (x),ρ))∩D.
For any n ∈N, η> 0 and ρ > 0, let Xn,ρ be a (n,ρ)-separated set with maximal cardinal of
Cn(µ,η)∩D ∩
n−1⋂
i=0
f −i (U ).
We consider the probability measures:
νn :=
1
#Xn,ρ
∑
x∈Xn,ρ
δx , µn :=
1
n
n−1∑
i=0
f i∗νn =
1
#Xn,ρ
∑
x∈Xn,ρ
1
n
n−1∑
i=0
δ f i (x).
Remark 4.1. The definition of Xn,ρ and of the convexity of the ball of radius η centered at µ in
the space of probability measures gives d(µn ,µ)< η.
The volume ofCn(µ,η) is estimated as follows.
Proposition 4.2. There exist cε > 0,η1 > 0 (which only depend on ε) such that for any 0< η<
η1, and for any finitemeasurable partitionsP0, · · · ,Pn−1 of M with diameters smaller than ρ,
LebD
(
Cn(µ,η)∩D ∩
n−1⋂
i=0
f −i (U )
)≤ cε ·exp(nε2 +n∫ψdµ+Hνn (n−1∨
i=0
f −i (P i )
))
.
Proof. By the choice of Xn,ρ , one has
LebD
(
Cn(µ,η)∩D ∩
n−1⋂
i=0
f −i (U )
)
≤
∑
x∈Xn,ρ
LebD
(
Cn(µ,η)∩Bn(x,ρ)∩
n−1⋂
i=0
f −i (U )
)
.
By the definition of Uε, for any 0 ≤ i < n the point f i (y) is contained in Uε and f i (D)∩⋂i
j=0 f
j (U ) is tangent to the cone fieldC uε . By the choice of ρ, for x, y in a same (n,ρ)-Bowen
ball ofD,∣∣ log |det(D f −n |T f n (y) f n(D))| − log |det(D f −n |T f n (x) f n(D))|∣∣
≤
n∑
i=1
∣∣ log |det(D f −1|T f i (y) f i (D))|− log |det(D f −1|T f i (x) f i (D))|∣∣
≤
n∑
i=1
(|ψ( f i (x))−ψ( f i (y))|+ ε
4
) ≤ n · 3ε
8
.
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We denote Snψ(z) :=
∑n−1
i=0 ψ( f
i (z)) for z ∈M . Then,
LebD
(
Bn(x,ρ)∩
n−1⋂
i=0
f −i (U )
)
≤
∫
f n
(
Bn(x,ρ)∩
⋂n−1
i=0 f
−i (U )
) |det(D f −n |Ty f n(D))|dLeb f n(D)(y)
≤ cε ·e
3nε
8 ·eSnψ(x),
where cε is an upper bound for the volume of the discs tangent to C u with diameter ρ.
For ε > 0, there is η1 > 0 such that for any probability measures ν1,ν2, if d(ν1,ν2) < η1,
then |∫ψdν1−∫ψdν2| < ε8 . Hence, for η< η1 and x ∈ Xn,ρ , one has | 1nSnψ(x)−∫ψdµ| < ε8 .
This gives the estimate
LebD
(
Cn(µ,η)∩D ∩
n−1⋂
i=0
f −i (U )
)
≤ cε ·e
nε
2 ·en·
∫
ψdµ ·#Xn,ρ . (4)
Let P0, · · · ,Pn−1 be finite measurable partitions with diameter smaller than ρ. By the
choice of Xn,ρ , each element of
∨n−1
i=0 f
−i (P i ) contains at most one point of Xn,ρ . Hence,
Hνn
(n−1∨
i=0
f −i (P i )
)
=
∑
x∈Xn,ρ
−νn
(n−1∨
i=0
f −i (P i )(x)
)
· logνn
(n−1∨
i=0
f −i (P i )(x)
)
=
∑
x∈Xn,ρ
1
#Xn,ρ
· log#Xn,ρ = log#Xn,ρ .
(5)
The relations (4) and (5) together give the required estimate.
4.3 Localization along unstable leaves
Theorem 3.1 associates to µ,ε/4,ρ, and gives a number η0 > 0, two partitionsα≺β ofM
and m0 ∈ N. For any 0 ≤ ℓ <m0 < n, let P ℓ0 , · · · ,P ℓn−1 be finite measurable partitions of M
such that
P
ℓ
i =
{
β if i = ℓ+km0,
α otherwise.
For these partitions, we have to estimate the quantity Hνn
(∨n−1
i=0 f
−i (P i )
)
which appears in
Proposition 4.2. By Corollary 2.8 and the fact #β≥ #α, one gets
Hνn
(∨n−1
i=0 f
−i (P ℓi )
)=Hνn (∨ℓ−1i=0 f −i (α)∨ f −ℓ(β))
+∑[ n−ℓm0 ]−1k=0 H f ℓ+km0∗ νn (∨m0−1i=1 f −i (α)∨ f −m0(β)|∨km0+ℓi=0 f km0+ℓ−i (P ℓi ))
+Hνn
(∨n−1
i=ℓ+[ n−ℓm0 ]m0+1
f −i (P ℓi )|
∨ℓ+[ n−ℓm0 ]m0
i=0 f
−i (P ℓi )
)
≤ 2m0 · log#β+
∑[ n−ℓm0 ]−1
k=0 H f ℓ+km0∗ νn
(∨m0−1
i=1 f
−i (α)∨ f −m0(β)|∨km0+ℓi=0 f km0+ℓ−i (P ℓi )). (6)
Themain estimate is given by the following lemma.
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Lemma 4.3. There exist η2 > 0 and N2 ≥ 1 (independent from the choice of D) such that for
any n ≥N2, and assuming d(µn ,µ)< η2, we have
m0−1∑
ℓ=0
[ n−ℓm0 ]−1∑
k=0
H
f
ℓ+km0∗ νn
(m0−1∨
i=1
f −i (α)∨ f −m0(β)
∣∣∣km0+ℓ∨
i=0
f km0+ℓ−i (P ℓi )
)
−
m0−1∑
ℓ=0
[ n−ℓm0 ]−1∑
k=0
H
f
ℓ+km0∗ νn
( m0∨
i=1
f −i (α)
∣∣∣km0+ℓ∨
i=0
f km0+ℓ−i (P ℓi )
)
≤ nε
4
. (7)
Proof. The third item of Theorem 3.1 for δ= ε
4log#β gives an open set Vε and nε such that
• µ(Vε)> 1−δ/4;
• for any disc D˜ tangent toD f nε(C u) containing x ∈Vε and of diameter r0,
D˜ ∩β(x)= D˜ ∩α(x).
There exists η2 > 0 such that for any probability measure ν satisfying d(µ,ν) < η2, one has
ν(Vε)> 1−δ/2. In particular if one assumes d(µ,µn)< η2, one gets by Lemma 2.5:
H
f
ℓ+km0∗ νn
(∨m0−1
i=1 f
−i (α)∨ f −m0 (β)|∨km0+ℓi=0 f km0+ℓ−i (P ℓi ))
=H
f
ℓ+km0∗ νn
(∨m0−1
i=1 f
−i (α)|∨km0+ℓi=0 f km0+ℓ−i (P ℓi ))
+H
f
ℓ+km0∗ νn
(
f −m0(β)|∨m0−1i=1 f −i (α)∨∨km0+ℓi=0 f km0+ℓ−i (P ℓi ))
=H
f
ℓ+km0∗ νn
(∨m0−1
i=1 f
−i (α)|∨km0+ℓi=0 f km0+ℓ−i (P ℓi ))+H f ℓ+(k+1)m0∗ νn (β|∨(k+1)m0+ℓ−1i=0 f (k+1)m0+ℓ−i (P ℓi ))
and similarly
H
f
ℓ+km0∗ νn
( m0∨
i=1
f −i (α)
∣∣km0+ℓ∨
i=0
f km0+ℓ−i (P ℓi )
)
=H
f
ℓ+km0∗ νn
(m0−1∨
i=1
f −i (α)
∣∣km0+ℓ∨
i=0
f km0+ℓ−i (P ℓi )
)+H
f
ℓ+(k+1)m0∗ νn
(
α
∣∣ (k+1)m0+ℓ−1∨
i=0
f (k+1)m0+ℓ−i (P ℓi )
)
.
For notational convenience, let us denote
gk,ℓ := f (k+1)m0+ℓ and P ℓ(k)=
(k+1)m0+ℓ−1∨
i=0
f (k+1)m0+ℓ−i (P ℓi ).
In order to prove the lemma,wehave to compareH(gk,ℓ)∗νn
(
α|P ℓ(k)
)
withH(gk,ℓ)∗νn
(
β|P ℓ(k)
)
for each ℓ ∈ {0,m0−1} and k ∈ {0, [n−ℓm0 ]−1}.
For each B ∈ P ℓ(k), let α|B and β|B be the partitions on B induced by α and β respec-
tively, and P ℓ6=(k) be the set of B ∈P ℓ(k) such that α|B 6=β|B . Then since α≺β,∣∣H(gk,ℓ)∗νn (α|P ℓ(k))−H(gk,ℓ)∗νn (β|P ℓ(k))∣∣
=
∣∣ ∑
B∈P ℓ6=(k)
(gk,ℓ)∗νn(B)
(
H(gk,ℓ)∗νn |B (α|B )−H(gk,ℓ)∗νn |B (β|B )
)∣∣≤ log#β · ∑
B∈P ℓ6=(k)
(gk,ℓ)∗νn(B).
We now localize the support of (gk,ℓ)∗νn :
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Claim. For each B ∈P ℓ(k), the measure (gk,ℓ)∗νn
∣∣
B is supported on a disc DB tangent to the
cone field Dgk,ℓ(C u). Moreover, one hasDiam( f −i (DB ))< ρ for i = 1, · · · , (k+1)m0+ℓ.
Proof. By the choice of B and since Diam(β)≤Diam(α)< ρ (first item of Theorem 3.1),
Diam( f −i (B))< ρ for i = 1, · · · , (k+1)m0+ℓ.
Since νn is supportedonD which is tangent toC u , the image (gk,ℓ)∗νn
∣∣
B is supportedon the
union of finitely many disjoint discs in gk,ℓ(D) of diameter ρ and tangent to the cone field
Dgk,ℓ(C u). All backward iterates by f −i , for i ∈ [1, (k+1)m0+ℓ], remain ρ-close and tangent
toC uε ; moreover νn is supportedon a single discD. Hence (gk,ℓ)∗νn
∣∣
B can only be contained
in a single disc.
For (k+1)m0+ℓ≥ nε and B ∈P ℓ6=(k), the third item of Theorem 3.1 forDB and Vε gives
Supp((gk,ℓ)∗νn |B )⊂M \Vε.
Now, the left hand side in (7) is bounded by
m0−1∑
ℓ=0
[ n−ℓm0 ]−1∑
k=0
log#β ·
∑
B∈P ℓ6=(k)
(gk,ℓ)∗νn(B)≤ log#β ·
(
nε+
m0−1∑
ℓ=0
[ n−ℓm0 ]−1∑
k=0
(gk,ℓ)∗νn(M \Vε)
)
≤ n · log#β ·
(
µn(M \Vε)+
nε
n
)
≤ n · log#β ·
(δ
2
+ nε
n
)
.
By our choice of δ, this is smaller than nε
4
provided n is larger or equal to anyN2 > 2nε/δ.
4.4 Proof of Theorem E
Let η=min{η0,η1,η2}, where η0,η1,η2 are given in Theorem 3.1 (applied for ε/4), Propo-
sition 4.2 and lemma 4.3 respectively. We also get cε and N2 which do not depend onD.
Recall (6). Applying successively Lemma 4.3, the concavity of the entropy with respect to
the measure, and the second item of Theorem 3.1 (since d(µn ,µ)< η), we get for n ≥N2
m0−1∑
ℓ=0
Hνn
(n−1∨
i=0
f −i (P ℓi )
)
≤ 2m20 · log#β+
nε
4
+
m0−1∑
ℓ=0
[ n−ℓm0 ]−1∑
k=0
H
f
ℓ+km0∗ νn
( m0∨
i=1
f −i (α)|β
)
≤ 2m20 · log#β+
nε
4
+n ·Hµn
( m0∨
i=1
f −i (α)|β)
≤ 2m20 · log#β+
nm0ε
2
+n ·m0 ·hµ( f ,Fu).
Proposition 4.2 gives
LebD
(
Cn(µ,η)∩D ∩
n−1⋂
i=0
f −i (U )
)≤ cε ·exp(2m0 · log#β+nε+n∫ψdµ+n ·hµ( f ,Fu)).
Choosing c≫ cε ·exp
(
2m0 · log#β
)
gives the estimate of Theorem E for any integer n.
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5 Existence of Gibbs u-states: Proofs of Theorems C, D and
Corollaries 1.5 and 1.7
We derive some consequences of Theorem E.
5.1 Proof of Theorem C
We prove a more precise result.
Theorem C’. Consider a C 1-diffeomorphism f , an u-laminated set Λwith a partially hyper-
bolic splitting E cs ⊕Euu and an unstable cone field C u . Then there exists a small neighbor-
hoodU of Λ such that for any disc D ⊂U tangent to C u , and for Lebesgue almost every point
x ∈D ∩⋂n≥0 f −n(U ), any limit µ of the sequence 1n ∑n−1i=0 δ f i (x) satisfies
hµ( f ,F
u)=
∫
log |det(D f |Euu )|dµ. (8)
Proof. The set Λ is u-laminated. LetU , Ĉ u and r0 > 0 be the open neighborhood of Λ, the
cone field defined inU and the positive number given by Theorem E respectively. Without
loss of generality, one can assume that the disc D ⊂U tangent to C u has its diameter no
more than r0, and by Remark 2.1, that it is tangent to Ĉ u . By Theorem 2.3 and Remark 2.4,
for Lebesgue a.e. x ∈D, any µ ∈M (x) is pseudo-physical relative to Z :=D ∩⋂n≥0 f −n(U ).
Let us assume by contradiction that (8) does not hold. From the inequality in Theo-
rem 2.13, there exists ε > 0 such that ∫ log |det(D f |Euu )|dµ−hµ( f ,Fu) > 2ε. Let η > 0 and
c > 0 be the numbers given after µ,ε by Theorem E. Note that
{
x ∈M : d(M (x),µ)< η}= ∞⋃
l=1
∞⋂
k=1
∞⋃
n=k
Cn
(
µ, ll+1η
)⊂ ∞⋂
k=1
∞⋃
n=k
Cn(µ,η).
Since µ is pseudo-physical relative to Z , for η> 0, there is δ0 > 0 such that for any k ∈N,
LebD(Z ∩∪∞n=kCn(µ,η))> δ0.
By Theorem E, we have
LebD (Z ∩∪∞n=kCn(µ,η))≤
∞∑
n=k
c ·en(−
∫
log |det(D f |Euu )|dµ+hµ( f ,Fu)+ε) < c
∞∑
n=k
e−nε,
which contradicts to the fact that LebD(Z ∩∪∞n=kCn(µ,η))> δ0 for any k ∈N.
5.2 Proof of Corollary 1.5
Let us consider the compact and convex set introduced in Corollary 2.15
Mu =
{
µ ∈Minv(Λ, f ) : hµ( f ,Fu)=
∫
log |det(D f |Euu )|dµ
}
.
Let U and C u be the neighborhood of Λ and the unstable cone field given by Theorem E.
Recall that M (x) denotes the accumulation set of the empirical measures of x. For any disc
D tangent to C u , there is a full Lebesgue measure subset D˜ ⊂D such that M (x) ⊂Mu with
x ∈ D˜.
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Let {ni } be an increasing sequence of integers and let µ ∈Minv(Λ, f ) such that
lim
i→∞
1
ni
ni−1∑
j=0
f j∗ Leb
∗
D =µ,
where Leb∗D denotes the normalized Lebesguemeasure onD.
For any ε> 0, consider the ε-neighborhood Vε of Mu and the set
Dk =
{
x ∈D : 1
ni
ni−1∑
j=0
f j∗δx ∈ Vε, for i ≥ k
}
.
Theorem E gives limk→∞Leb∗D (Dk)= 1. Take k0 so that Leb∗D(Dk0 )≥ 1−ε. For i ≥ k0,
1
ni
ni−1∑
j=0
f j∗ Leb
∗
D =
∫
Dk0
1
ni
ni−1∑
j=0
f j∗δx dLeb
∗
D+
∫
D\Dk0
1
ni
ni−1∑
j=0
f j∗δx dLeb
∗
D .
The choice ofDk0 and the convexity of Vε immediately give:
Claim. For each i ≥ k0, there exists an invariant measure νi ∈Mu such that
d
(
1
Leb∗D (Dk0 )
∫
Dk0
1
ni
ni−1∑
j=0
f j∗δx dLeb
∗
D , νi
)
< ε.
For any continuous functionϕ :M 7→R, one has∣∣∣∫ϕ d( 1ni ∑ni−1j=0 f j∗ Leb∗D) −
∫
ϕ dνi
∣∣∣
=
∣∣∣∫
Dk0
∫
ϕ d( 1ni
∑ni−1
j=0 f
j
∗δx)dLeb
∗
D −
∫
ϕ dνi +
∫
D\Dk0
∫
ϕ d( 1ni
∑ni−1
j=0 f
j
∗ Leb
∗
D) dLeb
∗
D
∣∣∣
≤
∣∣∣∫ϕd( 1
Leb∗D (Dk0 )
∫
Dk0
1
ni
∑ni−1
j=0 f
j
∗δx) dLeb
∗
D −
∫
ϕdνi
∣∣∣+ ( 1
Leb∗D (Dk0 )
+ε−1) · ‖ϕ‖
which implies
d
( 1
ni
ni−1∑
j=0
f j∗ Leb
∗
D , νi
)
< 1
1−ε −1+2ε.
Then d(µ,Mu)≤ 11−ε −1+2ε, hence µ ∈Mu since Mu is compact.
5.3 Existence of SRBmeasures: Proof of Corollary 1.7
We prove the following stronger result:
Corollary 5.1. Consider a C 1 diffeomorphism f and an attracting set Λ with a partially hy-
perbolic splitting TΛM = E ss⊕E c⊕Euu such that dim(E c)= 1. Then for Lebesgue almost every
point x in a neighborhood of Λ, and for each µ ∈M (x),
• either the center Lyapunov exponent of each ergodic component of µ is non-negative
center Lyapunov exponent; in particular, µ is an SRBmeasure;
• or there exist ergodic components of µ that are SRB measures with negative center Lya-
punov exponent.
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Proof. From equations (1) and (2) given by Theorems C and F in Appendix A, for Lebesgue
almost every point x in the attracting basin ofΛ, each limit measure µ ∈M (x) satisfies
hµ( f ,F
u)=
∫
log |det(D f |Euu )|dµ and hµ( f )≥
∫
log |det(D f |Ec⊕Euu )|dµ.
Corollary 2.15 gives hν( f ,Fu)=
∫
log |det(D f |Euu )|dν for each ergodic component ν of µ.
If each ergodic component ν of µ has non-negative center Lyapunov exponent, then∫∑
λ+(z)dν(z)=
∫
log |det(D f |Ec⊕Euu )|dν.
Combining this with (1) and Ruelle inequality, one gets
hµ( f )≥
∫
log |det(D f |Ec⊕Euu )|dµ=
∫∑
λ+(z)dµ(z)≥ hµ( f );
therefore µ is an SRBmeasure.
If there are ergodic components νwith negative center Lyapunov exponent, they satisfy∫
log |det(D f |Euu )|dν=
∫∑
λ+(z)dν(z).
The equation (2) for ν and Ruelle inequality then give∫∑
λ+(z)dν(z)=
∫
log |det(D f |Euu )|dν= hν( f ,Fu)≤ hν( f )≤
∫∑
λ+(z)dν(z),
therefore, ν is an SRBmeasure with negative center Lyapunov exponent.
5.4 Large deviation for continuous functions: Proof of TheoremD
We prove a stronger version of TheoremD.
Theorem D’. Let f be a C 1-diffeomorphism and Λ be a u-laminated set with a partially hy-
perbolic splitting TΛM = E cs⊕Euu . Then for any continuous functionϕ :M→R and any ε> 0,
there exist a neighborhoodUε ofΛ, a D f -invariant cone fieldC u onUε and r0,aε,bε > 0 such
that for any disc D tangent to C u of diameter smaller than r0 and any n ∈N,
Leb
{
x ∈D : x ∈
n−1⋂
i=0
f −i (Uε) and d
( 1
n
n−1∑
i=0
ϕ( f i (x)), I (ϕ)
)
> ε
}
< aε ·e−n·bε . (9)
As before I (ϕ) is the interval defined by
I (ϕ) :=
{∫
ϕdµ : µ ∈Minv(Λ, f ) satisfies hµ( f ,Fu)=
∫
log |det(D f |Euu )|dµ
}
.
This immediately implies Theorem D: when Λ is an attracting set, any unstable disc in a
neighborhood of Λ will eventually be contained in
⋂∞
i=0 f
−i (Uε) one then apply Theorem D’
to the unstable leaves of foliated domains coveringΛ and Fubini Theorem.
25
Proof of TheoremD’. LetU ,C u and r0 be the neighborhood ofΛ, theD f -invariant cone field
defined inU and the positive number given by Theorem E. Forϕ : M→R and ε> 0, let Iε ⊂R
be the ε/2-open neighborhood of I (ϕ) and I cε its complement and let us denote
Nǫ :=
{
µ ∈Minv(Λ, f ) :
∫
ϕdµ ∈ I cε
}
.
For each µ ∈Minv(Λ, f ), let
bµ := 12
(∫
log |det(D f |Euu )|dµ−hµ( f ,Fu)
)
and let ηµ,cµ > 0 be the numbers given after µ,bµ by Theorem E: for each compact disc D
tangent to C u of diameter smaller than r0 and any n ∈N, one has
Leb(D ∩
n−1⋂
i=0
f −i (U )∩Cn(µ,2ηµ))< cµ ·e−nbµ . (10)
We choose the ηµ small so that for any probabilitymeasure ν satisfying d(µ,ν)< η,∣∣∣∫ϕdµ−∫ϕdν∣∣∣< ε
4
. (11)
Since Minv(Λ, f ) is a compact set, there exist µ1, · · · ,µk ∈Nε such that
Minv(Λ, f )⊂∪kj=1Bηµ j (µ j ),
where Bηµ j (µ j ) denotes the ηµ j -neighborhood of µ j in the space of probability measures on
M . We denote η j = ηµ j and c j = cµ j for simplicity. The following lemma givesUε.
Lemma 5.2. There exists a neighborhoodUε of Λ and an integer Nε such that for any n ≥Nε
and any x ∈⋂n−1i=0 f −i (Uε),
1
n
n−1∑
i=0
δ f i (x) ∈
⋃
i
Bηi (µi ).
Proof. Assume, on the contrary, that the 1/k-neighborhoodU (1/k) of Λ, there exists n ar-
bitrarily large and x ∈⋂n−1i=0 f −i (U (1/k)) such that 1n ∑n−1i=0 δ f i (x) 6∈⋃i Bηi (µi ). Then taking the
limit as n→+∞ gives an invariantmeasure νk on themaximal invariant set ofU (1/k) which
does not belong to
⋃
i Bηi (µi ). Any limit of the νk is an invariant measure on Λ that does not
belong to
⋃
i Bηi (µi ), which contradicts (10).
We can conclude the proof of Theorem D’. For any x ∈ ⋂n−1i=0 f −i (Uε) and n ≥ Nε, there
exists i0 such that
1
n
∑n−1
i=0 δ f i (x) ∈Bηi0 (µi0), ie x ∈Cn(µi0 ,ηi0). From (11), if one has∣∣∣ 1
n
n−1∑
i=0
ϕ( f i (x))−
∫
ϕdµ
∣∣∣≥ ε,
then
∣∣∣∫ϕdµi0 − I (ϕ)∣∣∣≥ ε/2, hence µi0 belongs to Nε.
Let I ⊂ {1, · · · ,k} such that {µ1, · · · ,µk }∩Nε = {µi }i∈I . Then we have for n ≥Nε
Leb
{
x ∈D ∩
n−1⋂
i=0
f −i (Uε) :
∣∣∣ 1
n
n−1∑
i=0
ϕ( f i (x))−
∫
ϕdµ
∣∣∣≥ ε} ≤∑
i∈I
Leb(Cn(µi ,ηi )) ≤
∑
i∈I
ci e
−nbµi .
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Now, we only need to consider an upper bound a of the volume of discs tangent to the
cone field C u and with diameter smaller than r0 and to set
bε =min{bµ1 , · · · ,bµk } and aε =max
{
a ·eNε ·bε ,
k∑
i=1
ci
}
.
6 SRBmeasures forC 1+α partiallyhyperbolic diffeomorphisms
We focus on C 1+α-diffeomorphisms for α > 0 and partially hyperbolic sets with one-
dimensional center.
6.1 Existence of the center Lyapunov exponent: proof of Theorem A
Before Theorem A we prove two preliminary results.
Proposition 6.1. Let f be a C 1+α-diffeomorphisms, α > 0, and let µ be an ergodic SRB mea-
sure whose support admits a partially hyperbolic splitting E ss ⊕ E cu , and whose Lyapunov
exponents along E cu are all positive. Then there is an open invariant set O(µ) such that
Leb(O(µ)△Basin(µ))= 0 andO(µ)∩Supp(µ) 6= ;.
In particular, for Lebesgue a.e. point x ∈M, if ω(x)⊃ Supp(µ) then x ∈Basin(µ).
Remark 6.2. Kan’s example [K] shows that the basin of µ may not be essentially open as in
Proposition 6.1 when the first bundle is not uniformly contracted.
Proof. By [L, Theorem3.4], the disintegrationof µ along the unstablemanifolds is absolutely
continuous with respect to the Lebesgue measure on the unstablemanifolds. Consequently
there exists a disc D ⊂ Supp(µ) tangent to E cu such that the basin of µ contains a set X ⊂D
with full Lebesguemeasure. The union of the strong stablemanifolds of points ofD contains
a nonempty open setO0which intersects Supp(µ). The union of the local strong stable leaves
of points of X is absolutely continuous [P]. Consequently, the union of the strong stable
manifolds of points of X has full Lebesgue measure in O0. This proves that Basin(µ) has
full Lebesgue measure in the open set O(µ) := ⋃n∈Z f n(O0). The orbit of every point x in
the basin of µ, accumulates any point of Supp(µ), hence enters in O0. Up to removing the
invariant setO(µ)\Basin(µ) (which has zero Lebesguemeasure), one concludes that the orbit
of Lebesgue almost every point in Basin(µ) is contained in O(µ). Hence O(µ) and Basin(µ)
coincide modulo a set with zero Lebesguemeasure.
Proposition 6.3. Let f be a C 1+α-diffeomorphism, α > 0, and µ a hyperbolic SRB measure.
Then Lebesgue almost every point x ∈M satisfying:
– ω(x) has a partially hyperbolic splitting E cs ⊕Euu ,
– ω(x) contains Supp(µ) and the Lyapunov exponents of µ along E cs are all negative,
belongs to the basin of µ.
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Proof. Let us consider the set L of partially hyperbolic sets containing Supp(µ) with a split-
ting E cs⊕Euu , such that the Lyapunov exponents of µ along E cs are all negative. There exists
a countable sequence (Λn) in L such that any set Λ ∈L is contained in one of theΛn . As a
consequence, it is enough to fix a setΛ ∈Λ and to prove the proposition for Lebesgue almost
every point x such that Supp(µ)⊂ω(x)⊂Λ.
Let C u be an unstable cone field on a neighborhoodU of Λ which satisfies the Theo-
rem 2.18 andA := {x ∈U :ω(x)⊃ Supp(µ) and f n(x) ∈U for all n ≥ 0}. Then one has f (A )⊂
A . It is enough to show that N :=A \Basin(µ) has zero Lebesguemeasure. Assume, on the
contrary, that Leb(N )> 0. Thus, there exists a discD tangent toC u such that LebD(N ∩D)>
0.
By [L, Theorem 3.4], there exists an unstable disc ∆ in the support of µ and a set X ⊂ ∆
with positive Lebesguemeasure such that any point in X is in the basin of µ and has a stable
manifold tangent to E cs . By [P], up to reducing X , one can assume that the (local) stable
manifolds of points z ∈ X vary continuously with z and induce an absolutely continuous
laminationW sloc (X ). We fix a density point z0 ∈ X of X inside∆.
In order to define unstable density basis inside D, we fix δ > 0 small. By Theorem 2.18,
the set of unstable density points of N ∩D has full Lebesgue measure in N ∩D, and we fix
x ∈N ∩D one of them. There exists a sequence nk →+∞ such that f nk (x)→ z0. The density
basis BD,n(x) satisfy
Leb(BD,nk (x)∩N )
Leb(BD,nk (x))
−→
k→+∞
1.
The definition of N , the density basis and the bounded distortion along the unstablemani-
fold (using the uniform expansion and theC 1+α-smoothness) imply:
Leb(B f nk (D)( f
nk (x),δ)∩N )
Leb(B f nk (D)( f nk (x),δ))
−→
k→+∞
1. (12)
Since f nk (x) converges to z0 and the unstable cones converge to the unstable bundle
under forward iterations, the disc B f nk (D)( f
nk (x),δ) gets arbitrarily close to B∆(z0,δ) for the
C 1-topology. The absolute continuity of the stable lamination over X implies that for nk
large enough, the Lebesguemeasure ofW sloc(X )∩B f nk (D)( f nk (x),δ) is positive and uniformly
bounded away from zero. With (12) this implies that for k large enoughN intersectsW sloc(X ).
This is a contradiction sinceW sloc (X )⊂Basin(µ).
Now, we are ready for proving the existence of the center Lyapunov exponent.
Proof of TheoremA. LetU be an attracting neighborhood ofΛ.
Lemma 6.4. The bundle E c admits a (non-unique) continuous and invariant extension toU.
Moreover, for any x ∈U we have
lim
n→+∞
‖D f n |Ec (x)‖
‖D f n|Ecs (x)‖
= 1.
Proof. Let us consider a continuous extension E ⊂ E cs of E c : up to shrinking the open setU ,
one can assume that E is defined onU and is contained in a center-unstable cone. Using a
cut-off function, one can interpolate E with D f (E ) and get a continuous extension E ′ of E c
such that E ′( f (x))=D f (E ′(x)) for any x ∈U outside a small neighborhoodof f (U ). One then
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define E c onU \ f (U ) as follows: for x ∈ f n(U ) \ f n+1(U ) we set E c(x)=D f n(E ′( f −n(x))). By
construction E c is continuous and invariant onU \Λ.
The dominated slitting E cs = E ss ⊕E c and the cone field criterion (see [CP]) implies that
D f n(E ′) converges to E c |Λ. Hence the extension of E c is also continuous at points ofΛ.
The previous lemma shows that the center Lyapunov exponent of any point x ∈U can be
studied by considering the Birkhoff averages of the continuous function
ϕ : x 7→ log‖D f |Ec (x)‖.
Propositions 6.1, 6.3 show that Lebesgue almost every point x in the set
Uh :=
{
x ∈U : ω(x) carries a hyperbolic ergodic SRBmeasure
}
.
belongs to the basin of a hyperbolic ergodic SRB measure µ, which by [L, Theorem 4.9] is
physical. Hence the Birkhoff averages of ϕ along the forward orbit of x converge. The limit
λc (x) := lim
n→+∞
1
n
log‖D f n |Ec (x)‖ = lim
n→+∞
1
n
log‖D f n |Ecs (x)‖
exists and coincides with the center Lyapunov exponent
∫
log‖D f |Ec (x)‖dµ(x) =
∫
ϕdµ. In
particular λc (x) does not vanish.
Then for Lebesgue a.e x ∈U \Uh , the ω-limit set of x does not carry any hyperbolic SRB
measures. By Corollary 5.1 this implies that each limit measure µ ∈M (x) is SRB and has a
vanishing center exponent
∫
ϕdµ. Since ϕ is continuous this shows that
1
n
n−1∑
k=0
ϕ( f k(x)) = 1
n
log‖D f n|Ec (x)‖ −→
n→+∞ 0.
Hence the center Lyapunov λc (x) of x is also well-defined in this case and vanishes.
6.2 An example exhibiting historical behavior: proof of Theorem B
The example described in Theorem B is obtained by compactification of a skew trans-
lation over an Anosov system. It is well-known that the dynamics of these infinite systems
share properties with the Brownian motion on R: this will allow us to study precisely the
asymptotic of the empirical measures.
6.2.1 Limit properties of skew translations
We first state classical properties of skew translations.
Proposition 6.5. Let A be a smooth Anosov diffeomorphism on T2 preserving a smooth vol-
ume m and having at least two fixed points p,q. Let φ : T2 → R be a smooth function with∫
φdm = 0 such that φ(p), φ(q) are rationally independent. Then:
(i) The measurem×Leb is ergodic for the diffeomorphism g of T2×R defined by
g (x, t )= (A(x), t +φ(x)). (13)
(ii) The number σ :=∑n∈Z∫φ ·φ◦ An dm is well-defined and positive.
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(iii) For m-almost every point x ∈T2, the continuous functions Xn ∈C ([0,1]) defined by
Xn(t ) :=
1p
σ ·n
∫nt
0
φ(A[s](x))d s,
induce a random process which converges weakly to the standard Wiener measure.
Proof. Since φ(p) and φ(q) are rationally independent, there do not exist λ ∈R andψ : M→
R such that φ=ψ◦ A−ψ mod [λ]. The ergodicity (i) follows from [G, Corollary 3].
The convergence of the sum defining σ is a consequence of the exponential decay of the
correlations, see for instance [Live, Theorem 3.9]. Note that σ is non-negative, because of∑
n∈Z
∫
φ ·φ◦ An dm = lim
n→+∞
1
n
∫(n−1∑
i=0
φ◦ Ai )2dm.
Since φ(p) 6= 0, there is no continuous solutionψ : M→R to the cohomological equation
φ=ψ◦ A−ψ.
Then in restriction to any A-invariant set with full measure for m, there is no measurable
solution, see [Livs, Theorem 9]. One deduces that σ does not vanish (see [PP, Proposition
4.12]). This gives the second item. The third item is now [D, Corollary 4] for conservative
Anosov diffeomorphisms (see also [DP, Corollary 3]).
6.2.2 Compactification of the skew translation
We denote T= R/Z. Any skew translation over an Anosov diffeomorphism on T2 can be
embedded as a partially hyperbolic diffeomorphism on T3.
Proposition6.6. Let us consider a smooth Anosov diffeomorphism A onT2, a smooth function
φ : T2 → R and the diffeomorphism g on T2×R defined by (13). Then there exists a smooth
diffeomorphism f on T3 preserving a partially hyperbolic splitting E ss ⊕E c ⊕Euu such that:
– the foliation by circles {x}×T is preserved and tangent to E c ;
– f preserves each torusT2×{0} andT2×{1/2}, and exchangesT2×(0,1/2) andT2×(1/2,1);
– the restriction of f 2 to T2× (0,1/2) is smoothly conjugated to g 2.
Proof. Let X be a smooth vector field on R such that
• X (t )> 0 for t ∈ (0,1/2) and X (0)= X (1/2)= 0,
• X is 1-periodic and satisfies X (−t )=−X (t ) for each t ∈R.
Let (Φs)s∈R be the flow induced by X on R. The diffeomorphism of T2×R defined by
F (x, t ) := (Ax,−Φφ(x)(t ))
satisfies F (x, t+1)= F (x, t )−(0,1), hence induces a smooth diffeomorphism f onT3. Choos-
ing X arbitrarily close to 0, the diffeomorphism f is C 1-close to the diffeomorphism A× Id,
hence is partially hyperbolic. The first two items then follow.
Note that f commutes with the involution (x, t ) 7→ (x,−t ) hence f 2 coincides with the
diffeomorphism induced by
(x, t ) 7→ (A2x,Φφ(A(x))+φ(x)(t )).
The map h : T2×R→ T2× (0,1/2) defined by (x, s) 7→ (x,Φs (1/4)) conjugates the restriction
of f 2 to T2× (0,1/2) with g 2 as claimed in the third item.
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6.2.3 Historical behavior
The proof of Theorem B can be concluded as follows.
Proposition6.7. Let us consider a smooth Anosov diffeomorphism A ofT2 and a smooth func-
tion φ : T2 → R as in Proposition 6.5. Then the diffeomorphism f of T3 induced by A and φ
as in Proposition 6.6 has exactly only two ergodic Gibbs u-states ν1,ν2. Moreover, for Lebesgue
almost every z ∈T3,
– the set of limit measuresM (x) of x is the segment [ν1,ν2],
– the orbit of z is dense in T3.
Proof. Let us recall that A preserves a smooth volumem. By absolute continuity of the stable
foliation of A, it is the unique Gibbs u-state for A and it is ergodic. The two measures ν1 =
m×δ0 and ν2 =m×δ1/2 are f -invariant and are Gibbs u-states.
Let us denote Snφ(x) =
∑n−1
j=0 φ(A
j (x)) for x ∈ T2 and n ∈N. Then the skew translation g
defined by (13) satisfies
gn(x, t )= (An(x), t +Snφ(x)).
We introduce Gn(x) := {0≤ j ≤ n−1 : S jφ(x)≥
p
σ ·n}.
Claim. For Lebesgue a.e. x ∈T2 and any ρ ∈ (0,1), there exists n arbitrarily large such that
#Gn(x)≥ (1−ρ) ·n.
Proof. LetW = {h ∈C 0([0,1],R) : h(0)= 0} endowedwithC 0-norm. We consider a continuous
function h : [0,1] 7→ [0,+∞) such that
h(0)= 0 and h(t )> 1 for t ∈ [ρ,1].
Let 0 < ε < inft∈[ρ,1] h(t)−12 be small. Since the Wiener measure has full support in W , and
since the process (Xn) in W defined in Proposition 6.5 converges to the Wiener measure for
Lebesgue almost every x ∈T2, there exists n arbitrarily large such that
sup
t∈[0,1]
∣∣∣ 1p
σ ·n
∫nt
0
φ(A[s](x))d s−h(t )
∣∣∣< ε.
In particular for any integer j ∈ {0, . . . ,n}, one has∣∣∣ 1p
σ ·nS jφ(x)−h( j/n)
∣∣∣< ε.
By the definition of h and ε, this gives S jφ(x)>
p
σ ·n for all j ≥ (1−ρ) ·n.
Claim. For Lebesgue a.e. x ∈T3 and all t ∈ (0,1/2) the measure ν2 belongs to M (z).
Proof. Let Γ be a continuous function on T2× [0,1] and let us fix ρ > 0 small. Let us consider
the set Gn(x) for an integer n large given by the previous claim. One has the estimate∣∣ 1
n
n−1∑
i=0
Γ( f i (x, t ))− 1
n
n−1∑
i=0
Γ( f i (x,1/2))
∣∣
≤ 1
n
∑
i∈Gn (x)
|Γ( f i (x, t ))−Γ( f i (x,1/2))|+ 1
n
∑
i∉Gn(x)
|Γ( f i (x, t ))−Γ( f i (x,1/2))|
≤ 1
n
∑
i∈Gn (x)
|Γ(Ai (x),εi ·ΦXSiφ(x)(t ))−Γ(A
i (x),1/2)|+2ρ ·sup |Γ|,
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where εi =+1 when i is even and −1 when i is odd.
Notice that for t ∈ (0,1/2), ϕXs (t ) tends to 1/2 when s tends to +∞. By the arbitrariness
of ρ and the uniform continuity of h, one deduces that the empirical measuresm(x,t),n and
m(x,1/2),n are close.
The claim shows that ν2 ∈M (z) for Lebesgue a.e. z ∈T3. Analogously, ν1 ∈M (z).
Claim. ν1, ν2 are the unique ergodic Gibbs u-states.
Proof. Let ν be an ergodic Gibbs u-state. There is a strong unstable discD such that for LebD
almost every (x, t ) ∈D,
lim
n→+∞
1
n
n−1∑
i=0
δ f i (x,t) = ν.
The disc D projects to an unstable arc D ′ ⊂ T2 and for Lebesgue almost every x ∈ D ′, the
empiricalmeasures converge to the projection of ν. This shows that the projection of ν toT2
coincides withm (the unique Gibbs u-state for A).
Let us assume by contradiction that ν is not supported on T2× {0,1/2}. In particular for
ν-almost every point z, the projection on T2 belongs to the fullm-measure set given by the
previousClaim. This implies that the set of limitmeasuresM (z) of z contains both ν1 andν2.
This is a contradiction since the empirical measures of z converge to ν (by Birkhoff ergodic
theorem).
It remains to prove the last statement of the proposition. From Proposition 6.5, the skew
translation g 2 is ergodic, hence from the last item of Proposition 6.6, the orbit of Lebesgue
almost every point z ∈T2× (0,1/2) under f 2 is dense in T2× (0,1/2). Since f exchanges the
regions T2× (0,1/2) and T2× (1/2,1), one deduces that the orbit of Lebesgue almost every
point z ∈T3 is dense.
A GeneralizedPesin’s inequality under a dominated splitting
We sketch here the proof of the inequality (1) stated in the introduction. We recall that a
splitting TΛM = E ⊕F over a compact invariant setΛ of a diffeomorphism f is dominated, if
there exists N ∈N such that
‖D f N |E(x)‖ ·‖D f −N |F ( f N (x))‖≤
1
2
.
Theorem F (Entropy inequality). For any C 1 diffeomorphism f , for any compact invariant
set Λ admitting a dominated splitting E ⊕F , and for Lebesgue almost every point x ∈ M, if
ω(x)⊂Λ, then each limit measure µ ∈M (x) satisfies
hµ( f )≥
∫
log |detD f |F |dµ. (14)
This improves a little bit [CCE, Theorem 1] and [CaYa, Theorem 4.1]. (We do not assume
the semi-continuity of the entropy, nor the existence of a global dominated splitting.)
Corollary A.1. Let f ∈Diff1(M) andΛ be an attracting set with the dominated splitting E⊕F .
Then for Lebesgue a.e. x in the basin of Λ, each limit measure µ ∈M (x) satisfies (14).
Considering the trivial splitting of TM , one gets:
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Corollary A.2. Let f ∈Diff1(M)with a fixed point p. If δp is physical, then |det(D f (p))| ≤ 1.
We also obtain a large deviation result.
Theorem G (Large deviation). For any C 1 diffeomorphism f , for any invariant compact set
Λ admitting a dominated splitting E ⊕F , for any continuous function ϕ : M → R and for any
ε> 0, there exist a neighborhoodU of Λ and aε,bε > 0 such that
Leb
{
x ∈
n−1⋂
i=0
f −i (U ) : d
( 1
n
n−1∑
i=0
ϕ( f i (x)), I (ϕ)
)
≥ ε
}
< aε ·e−nbε for any n ∈N,
where I (ϕ) :=
{∫
ϕdµ : µ ∈Minv(Λ, f ) satisfies (14)
}
.
The main step in the proofs of Theorems F and G is to bound themeasure of the conver-
gent set of invariant measures inside discs tangent to F ; then one concludes exactly as for
Theorems C’ and D’. We are thus reduced to a statement analogous to Theorem E.
TheoremH (Volumeestimate). For anyC 1 diffeomorphism f and for any invariant compact
set Λ admitting a dominated splitting E ⊕F , there exist a cone field C F which is a neighbor-
hood of the bundle F , a neighborhoodU of Λ and r0 > 0 with the following property: for any
µ ∈Minv(Λ, f ) and ε> 0, there exist η,c > 0 such that for each compact disc D ⊂U tangent to
C
F withDiam(D)< r0 and each n ∈N, one has
LebD
(
Cn(µ,η)∩D ∩
n−1⋂
i=0
f −i (U )
)< c ·exp(n(hµ( f )−∫ log |det(D f |F )|dµ+ε)).
Sketch of the proof of TheoremH. As in the partially hyperbolic case,we extend continuously
the bundles E ,F . This allows to define a cone field C F on a neighborhoodU ofΛ which is a
neighborhood of the bundle F . We then consider F -discs D, i.e. discs with the dimension of
F that are tangent to C F , and whose diameter is smaller than a small constant r0 > 0.
Letµ be an invariantmeasure supportedonΛ and ε> 0. For any η,ρ > 0 small, let us con-
sider the (n,η)-convergent set Cn(µ,η) of µ as in Section 4 and let Xn,ρ be a (n,ρ)-separated
subset with maximal cardinal in
Cn(µ,η)∩D ∩
n−1⋂
i=0
f −i (U ).
As in (4) (proof of Proposition 4.2), there exists cε > 0 (only depending on ε> 0) such that
LebD
(
Cn(µ,η)∩D ∩
n−1⋂
i=0
f −i (U )
)≤ cε ·en(−∫ log |det(D f |F )|dµ+ε) ·#Xn,ρ .
The proof of the variational principle (for a homeomorphismon a compactmetric space)
gives the following estimate of #Xn,ρ (see [KH, Lemma 5.2]) and concludes the proof.
Lemma A.3. For any invariant measure µ, and ε,ρ > 0, there exist η > 0 and n0 ≥ 1 with the
following property. If X is a (n,ρ)-separated set with n ≥ n0 and
d
(
1
#X
∑
x∈X
1
n
n−1∑
k=0
δ f k (x) , µ
)
< η,
then the cardinal #X is bounded by exp(n(hµ( f )+ε)).
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B Large deviations for singular hyperbolic attractors
Let X be a C 1 vector field on M and (φt )t∈R be the flow generated by X . An attracting
set Λ is said to be singular hyperbolic, if any singularity in Λ is hyperbolic, and the time-one
map φ1 admits a partially hyperbolic splitting TΛM = E ss ⊕E cu such that E cu is sectionally
expanded (there exists t > 0 such that for any x ∈ Λ the area along any 2-plane E ⊂ E cu
increases exponentially when one takes the image by Dϕt ). An SRB measure for (φt )t∈R is a
probability measure which is preserved by the flow and which is SRB for φ1 (it is then SRB
for any φt , t > 0).
The previous statements allow to recover and improve a bit the results of [LeYa].
Corollary B.1. For any C 1 vector field X , any singular hyperbolic attracting setΛ supports an
SRB measure. More precisely, for Lebesgue almost every point x in the basin of Λ, any limit
measure µ ∈M (x) is an SRBmeasure.
Proof. Theorem F applied to φ1 shows that for Lebesgue almost every point x in the basin of
Λ, any limit measure ν0 ∈M (x) satisfies
hν0(φ1)≥
∫
log |detDφ1|Ecu |dν0.
Ruelle’s inequality and the singular hyperbolicity give hν(φ1)≤
∫
log |detDφ1|Ecu |dν for any
invariantmeasure ν. Hence for any ergodic component of ν of ν0 and ν-a.e. point z, one has
hν(φ1)=
∫
log |detDφ1|Ecu |dν=
∑
λ+(z).
The φ-invariant measure µ=∫10 (φs)∗(ν)ds satisfies the same formula and is SRB for (φt )t∈R.
With higher regularity, we also obtain the uniqueness of the SRBmeasure.
Theorem I. Let X be a C 1+α vector field. Then any singular hyperbolic transitive attractor Λ
supports a unique SRBmeasure µ. Its basin has full Lebesguemeasure in the basin of Λ.
Proof. Corollary B.1 gives the existence.
Let µ an SRB measure: the singular hyperbolicity implies that µ is a hyperbolic measure
of the flow. More precisely, to µ-almost every point x is associated its center-unstable set
W cu(x), which is the set of points y such that there exists an increasing homeomorphism h
of R satisfying d(φt (y),φh(t)(x))→ 0 as t →−∞. This is an immersed submanifold tangent
to E cux that is foliated by unstable leaves W
u(y) which are one-codimensional in W cu(x).
The unstable leaves are the images of W u(x) by the flow. Hence the unstable foliation is
Lipschitz inside the center-unstable leaves of µ. Applying [LeYo1] to the diffeomorphism
φ1, the disintegration of µ along the unstable leaves is equivalent to the Lebesgue measure:
the statement is given for C 2 diffeomorphisms, but the proof only uses a C 1+α-regularity,
once one knows that the unstable lamination is Lipschitz along the center-unstable direction
see [LeYo1, Theorem A and Section 4.2].
Note that any ergodic component of µ is still an SRBmeasure, one will thus assume that
µ is ergodic. For µ-almost every point x, the forward orbit of Lebesgue almost every point
y ∈W u(x) equidistributes towards µ. SinceW cu(x) can be obtained by flowing the unstable
manifold W u(x), one deduces that the forward orbit of Lebesgue almost every point y ∈
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W cu(x) equidistributes towards µ. The same proof as for Proposition 6.1 shows that there
exists a non-empty open setU which intersects the support of µ and has the property that
the forward orbit of Lebesgue almost every point inU equidistributes towards µ.
If µ1,µ2 are two (ergodic) SRB measures supported on Λ, one associates two open sets
U1,U2. The transitivity ofΛ implies that there exists a non-empty open subsetV ⊂U1 having
a forward iterate inU2. Hence the forward orbit of almost every point in V equidistributes
towards µ1 and µ2. This gives µ1 =µ2, hence the uniqueness of the SRBmeasure.
By Corollary B.1, for Lebesgue a.e. point x in the basin ofΛ, each limit measure of
1
t
∫t
0
δφs (x)d s
(as t →+∞) is an SRB measure. The uniqueness of the SRB measure implies that its basin
has full Lebesguemeasure in the basin ofΛ.
We also deduce a large deviation estimate.
Theorem J. Let X be a C 1 vector field andΛ be a singular hyperbolic attracting set admitting
a unique ergodic SRB measure µ. Then there exists a neighborhood U of Λ such that for any
continuous functionψ :M→R and any ε> 0, there exist aε > 0 and bε > 0 such that
Leb
({
x ∈U :
∣∣∣1
t
∫t
0
ψ(φs(x))d s−
∫
ψdµ
∣∣∣≥ ε})< aε ·e−tbε for any t ∈R+.
Proof. LetU be an attracting neighborhood of Λ in its basin. From the continuity of ψ, for
any ε> 0 there exists tε large such that for any t0 > 0 small enough, any t > tε and any x ∈M ,
denoting n = [t/t0] one has∣∣∣1
t
∫t
0
ψ(φs(x))d s−
1
n
n−1∑
i=0
ψ◦φi t0 (x)
∣∣∣< ε/2. (15)
One can assume that t0 avoids a countable set and by [PuSh1] the measure µ is ergodic
for the map φt0 . We also notice that it is the unique SRB for φt0 on Λ. Indeed if ν is an
SRB measure of φt0 , then
1
t0
∫t0
0 (φs)∗νd s is an SRB measure for both φt0 and (φt )t∈R. Hence
1
t0
∫t0
0 (φs)∗νd s = µ. But since µ is ergodic it is an extremal point of the set of φt0-invariant
probability measures. As a consequence (φt )∗ν=µ for any t ∈R and in particular ν=µ.
We can then apply Theorem G to Λ and φt0 : there exists a neighborhood Uε of Λ and
a,bε > 0 such that for any n ∈N
Leb
{
x ∈
n−1⋂
i=0
φ−i t0 (U ) : d
( 1
n
n−1∑
i=0
ψ(φi t0 (x)),
∫
ψdµ
)
≥ ε/2
}
< a ·e−nbε .
Combined with (15), this gives the result for points in
⋂
t≥0φ−t (U ) and n ≥ t/t0. SinceU is
an attracting neighborhood of Λ in its basin, there exists N ≥ 1 such that for any x ∈U , the
image φN (x) belongs to
⋂
t≥0φ−t (U ). One thus concludes the large deviation estimate for
any t > 0 by considering aε large enough.
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